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2 DONALD E. KNUTH ÂND MICHÂBL F. PLÀSS

have traditionally used justi0cation to mean the process of taking an individual line of
type and adjusting its spacing lo produce a dcsired length. Eveu when texi is being
typeset with ragged right margins (thereiore 'unjusti§ed'), it needs to be broken into
lines of approximately the same size. The job of adjusting spaces so that left and
right margins are uniformly straight is comparatively laborious when one must n'ork
with mctal type, so thc task ol typesetting a paragraph with last ceDLury's tecbnology
was conceptually a task of justiûcation; nowadays, however, it is no trick at ali for
computers to adjust the spacing as desired, so the liue-breaking task dominaLes tbe
work. This shift in relative dif[culty probably account,s for the shift in the meaning of
'justification'; we shall use the term 'linc breaking'in this paper to empbasize tbe fact
that the ccntral problem ol conccrn here is to ûnd breakpoints.

The traditional way to break lines is analogous to what we ordinarily do when using
a typewriter: A bell rings (at least cooccptually) wbcn we approacb the right margiu,
and at thaù timc we dccide horv besl to ûnisb oû tbat line, witbout looking abead to see

where tbe next line or lines might eod. Once the typcwriter carriage has been returncd
to the lcft, margin, we bcgin aircsh witbout needing to remembcr anything about the
previous tcxt except whcre the ncrv line slails. Thus, rve don't have to keep track of
many things at once; such a systcn is ideally suited Lo human operation, and it also

leads to simple computer programs.

Book printing is difierent from typing primarily in that lhe spaces are of variable
width. Traditional practice has bcen to assign a raioimum and maximuro rvidth to
intcrword spaccs, together with a normal wioih represenling the ideal situatiou. The
standard algorithm for liue breaking (see, fcr exampie, Barneltl, page 55)then procecds

as follows: Keep appending lvords to tbe currcnL Iine, assuming the normal spacing,

until reaching a word that does no! §t. Break after this word, if it is possible to do
so without compressing thc spaccs to less than the given minimum; oLberwise break
before this word, if it is possible to do so rvilbout expanding lbe spaces to more thaa
the givcn maximum. Othcrwise hyphenate the o0'ending rvord, puttiDg as much of it
ou the current line as rvill fit; il no suiLable byphcnation points can bc found, this may
result in a Iine rvhosc spaccs excced Lhc givcn maximum.

Thcrc is no necd to conline computcrs to such a simple procedure, since Ihe data for
an entire paragraph is gencrally available in the computer's memory. Experience has

shown that significant improvements are possiblc if the computcr takes advanLage of
its opportunity to'look ahead'at rvhat is coming latcr ia the paragraph, before makiug
a ûnal decision about rvhcrc any of the lines rvill be brokcn. This nol only Lends to
avoid cases whcre the traditional algorithm has to resort to wide spaces, it also reduces
the numbcr of hyphenations necessary. In other rvords, line breaking decisions provide
another example of the desirability of 'late binding' in computer sofLware.

One of the principal reasons for using computers in typesetting is to save money, but
at the same time we don't want the output to look cheapcr. A properly programmed
computcr sbould, in fact, be able to solve the line-breaking problem better thaa a
skilled typesettcr could do by hand in a reasonable amount ol time (unless we give this
person the liberty to change the rvording in order to obtain a bctter ût). For example,
Duncau2 studied the intenvord spacing of 958 lines that werc manually typeset by a
'most respcctable publishers' printer' that he cboose not to ideutiiy by name, and
he found that nearly SVo ol the lines were quite loosely set; the spaces on those iines
exceedcd 10 units (i.e,, tB of an em), and two of the liues even had spaces excceding
13 units. We shall see later that a good line-breaking algorithm can do better thau this.
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4 DONALD E. KNUTH AND MICFI.ABL F. PLÀSS

algorithm:
tu; is the 'ideal'or 'normal'width;
y1 is the 'sIretchability';
e; is the 'shrinkability'.

Iror example, the spacc betwccn words in a lino is often specified by tbe values
lt)i : à.r, ÿ, - àoro, z; : $cm, rvhcre oue em is the sct sizc of tho type being
used (approximately tbe width of an uppercase'M'in classical type styles). The
actual amount of space occupied by this glue can be adjusted when justifying
a line to some desired rvidth; if the normal width is too small, the adjustment
is proporLional to ÿ;, and if the normal width is too largc the adjustment is
proportionalLo z;. The numbcls &r;, ÿ;, aud z; may be negative, subjeet to certain
natural restrictions explained later; for example, a negative value of u.ri indicates
a backspace. When yi : zi: 0, the glue has a fixed width ru;. Incidentally, the
word 'glue' is pcrhaps not thc besf term, because it sounds a bit messy; a word
likc 'spring' would be bcttcr, sincc mctal springs expand or compress to ûll up
space in essentially the \vay u'e rçant. Horveyer, we shall continue to say 'glue', a

term used since the early days of ft.X (1977), because many people claim to like
it. A glob of glue is often called a s&fp by TEX users, and it seems preferable to
spcak of boxes and skips rather tban boxcs and springs or boxcs and glucs. A
skip, by any other name, is oi course the same abstract coucept, embodied by the
thrce values (rui, !;,2;).

o Penalty speciûcations refer to potential places to end oue line of a paragraph
and begin anothcr, witb a certain 'aesthetic cos!' indicating how desirable or
undesirablc such a breakpoinl would be, When item z; ol a paragraph spcciûes
a penalty, thcre is a number p; that helps us dccide rvhcLher or not to end a
line at this point, as cxplaincd bclorv. intuitively, a high penalLy p; indicates
a relatively poor place to break, while a negative value of p; stands for a good
breaking-o{I place. T}re penallÿ pi maÿ also be f oo or -oo, where 'oo' denotes
a large numbcr that is infinite for practical purposes, altbough iL really is 0nite;
in T[f,, any pcnalty ) 1000 is treatcd as foo, and any penalty ( -1000 is
treatcd as -oo. Whcn p,. : *oo, the break is strictly prohibited; wheo pi :
-oo, the brcak is mandatory. Pcnalty speciûcalions also bave widths ur;, with the
follorving meaning: If a liue break occurs at this place in thc paragraph, additional
typcsct matcrial ol width ur; will be addcd to the line just before tbe break occurs.
For example, a potential place at rvhich a word might be hyphenated would be
indicatcd by letting p; be the penalty for hyphenating there and lctting uri be
the width of the hyphen. Penalty spcciûcatioas are of two kinds, fiagged and
untlagged, dcnoted by ./i : I and /i : 0, The liuc-breaking algoritbm rve shall
discuss tries to avoid having two consecutive breaks at ûagged pcnalties (e,g., two
hyphenations iu a row).

Thus, box items are specilied by one number u,ri, rvhile glue items have thtee numbers
(w;,V;,2;) and penalty items have three numbcrs (ta;, pi,t). For simplicity, we shall
assume that a paragraph tt . . .zm is actually spccited by six sequences, namely

tr...t^, where t; is'the type of item ei, either 'box', 'glue', or 'penalty';
ü1,;, ur-, where u; is the width corrcsponding to ,d;
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6 DONALD E. KNUTH AND MICFIABL F. PLASS

In oldeu times when wis\ing still helped one, there .,,'
lived a king whose daug\ters were all beaqtiful; BDd ..,,

the youngpst was ao beaqtiJul that the sun itself, which '..',
has seen so much, was astonjshed wheqpver it shone in '.'..
her face. Close by the king's castle lay a great derk .,"
forpst, and uq§er au old lime-$ree in the forpst lrâ3 I .rrr

well, and when the day was Yery werln, the king'a child ....,

went out ioto the forpst and sat dowu by the gide of the ..,',

cool fountaiul and when rhe wa§ bored rhe took a .','
golden ball, and ùhrew it up on high aud caught itl and -.',,

this ball was her favorjte playfhing. ...r

Figurc 1. An etomple
porogroph lhü hos bccn
typetct by lhe'lirtl-lît'
mclhod Small trionglcs
chou pernittible plocee to
üuide uorù wilh hyphent;
thc odjuttmcnl ralio lor
spaccl oppcart ol lhc
righl of cach line.

pm : -oo to forcc a break al the paragraph end. Tgf, ordinarily uses a 'finishing
glue' with üm-r : 0, y^-l -- oo (actually 100000 points, which is ûnite but
largecnoughtobehavelikeco),ande--1:0;thusthenormalspaccattheend
ol a paragraph is zero but it can strctcb a grcat deal. The net eflcct is tbat the
othcr spaccs on the Iinal line rvill shrink, if that line exceeds the dcsircd measure;
otherrvise the othcr spaccs rvill rcmain esscntially at thcir normal valuc (because

thc finishing glue rvill do all the strcLching Dcccssary to ûll up thc end of the linc).
More subtle choices of the ûnishing glue z--1 rvill be discussed later.

For example, lct's consider the paragraph oi Figure 1, which is taken from Grimm's
Fairy Talcs.T The five rules abovc coDyer! the tcxt into the following sequence of
601 items:

,l : cmpty box for indentation
,e : box for 'l'
8s : box for'a'
z4 : glue for interword spacc
zs : box for 'o'

!+:3, z+:2

tt:18
az:6
us:10
u{ :6,
us :9

Ssoo : box for 'l'
,310 : box for 'i'
xgtt: box for 'm'
rsr2: box for 'e'
E3rB : box for'-'
nsr4 : pcnalty following cxplicit byphcn
SalE : box for 't'

L5g2 
-t'603 
-esge:

LSg'rr 
-&596 
-1507 
-trso8 :

.r,590 
-2600 :

zBol 
-

t sog :5
uato :5
tstt:15
uet2 :8
llratg : 6
üsr{ :0, Pgtr : 50,
üats : 7

, 
-t./31,1 - ^

Psos :50, ./ros : 1

:10
-6,
-l:10
_r
:10:s
_a

-0,
-0,

box for 'h'
box for 'i'
box for 'n'
box for 'g'
box for '.'

box for'y'
penalty for optional hypbeu
box for 't'

finishing glue
forced break

usgz
üseg
üss,l
üsss
tl/SOO

üso|
t sgs
toseo

t//OOO

Î,t 6Ot

ÿ600 : oor

P6ot : -oo,
zooo :0
t 

-1J60l - ^

In this particular example, a penalty of 50 has beeu asscssed for êvery liue tbat ends

with a hyphen.
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8 DONALD E. KNUTH AND MICHAEL F. PLASS

'We shall assume that a list of desircd lengths lt, lz,ls, .. . is given; normally these
are all the samc, but in ganeral rvc might want lines of dillcrcnt lcngths, as when {itting
text around an illus[ration. The actual lcngl,h l; of the jth line, aftcr brcakpoints
have been chosen as above, is computed in the following obvious 'rvay: We add together
ühe widths ru; of all the box and gluc items in the range ai S i ( ôi, and we add ur6,

to this total if e6, is a penalty itcm. Tbe jth line also has a total strctchability Y; and
total shrinkability Zi, obLained by summing all of the ÿ; aud z; for glue itcms in the
rangc ai 1 i ( ôi. Now rve can comparc the actual lcngth Ly to the dcsired leugth li
by sceing if thcrc is cnough stretchabiliLy or sbrinkability to change li into lii we
deûnc lhe adjustment ratio r; of thc jtb liue as follows:

lî L5 : Ii (a Pcrfcct ût), lct rj : o.

fi Li 1 l; (a short linc), le! ri - (li - L)lYi, assuming that Y; ) 0; the value
of r; is undcûncd if Y1 S 0 in tbis case.

11 Li ) l; (a long line), lct ri: (lj- Li)lZi, assuming lbzL Zi ) 0; tbe value of r1
is undc{ined rf Z; ( 0 in this case.

Thus, for cxample , ri : $ if the total stretchability of line j is tbree timcs what would
be nccded [o cxpand the glue so thal the line lcngtb would change from L; to li.

According to this deûnition ol adjustmcnt ratios, the jtb line can be justilied by
letting the width of all glue items z; on that linc be

u; { riÿ;, if ri ) 0;

w; { rlz;, if r; ( 0.

For if we add up thc total width oi tbat line aftcr such adjusLmcnts are made, rve get
either Li*riY5: lj or Li*r;Zi: lj, dependingon the sign of r;. This distributes
the ncccssary strcLching or shrinking by amounLs proporùional to tbe individual glue
componcnts yd or z;, as desired.

For cxamplc, the small numbcrs at thc right of the individual lincs in Figure I show
t,he valucs of r; in thosc liucs. Â ncgative ratio like -.881 in the third line mcans that
the spaces in that line are narrower than thcir ideal size; a fairly large positive ratio
like .965 in thc tbird-last linc indicates a very'loosc' ût.

Âlthough thcre are 2120 ways to break the paragrapb ol Figure 1 into lines, it turns
out that only 49 of tbesc rvill rcsult in breaks rvhose adjustmcnt ratios ry do not
exceed I in absolute valuc; this mcans that the spaces betrvcen rvords after justiûcatiou
will lie bctwccn ui - zi and u; * y;. Furtbermore, only 30 ol fhese 49 rvays to makc
'nice' breaks rvill do so rvitbout introducing hyphens. Oue of thcse rvays is obtained by
moving 'thc' from the cighth line don'n to tbc nintb.

Our main goal is to ûnd a way to avoid choosing any brcakpoiats tbat lead to lines
in which the rvords are spaccd very far apart,
or in which they arevcryclosctogcthcr, because such lines arc distracting and harder to read.
We might ùhcrcforc say that ùhe line-breaking problcm is to ûad breaks such that

condition. Such an approach was taken by Duucan et al.8 in the early 1960s, and
they obtaincd fairly good results. llorvcvcr, this criterion depends only on the values
ui - z; and rul * yi, not u; itself, so it docs not usc all thc degrees of freedom prescnt
in our data. Furthermore, such stringent conditions tnay not be possible to acbieve; for
example, if each line of our example \ryere to be 418 units wide, instead of ühe present
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Figurc 3. Thie ie thc
'betl pottible' way to brcoh
lhe lines in lhe paragroph
ol Figuret I ond 2, in
lhe centc ol lcaett lolal
'd.cmerilt' ot detined in
lhe lezt.

DONALD E. KNUTH N,ND MICHÀBL F. PLASS

In olden times when wishjng still helped otr€, th€r€ .rrr

lived a kiug whose daug\ters were all beaqtiJul; and 'rrr
the youngrst was so beaqtiful that the sun it§elf, wbich "..'
has seen so much, was astonished wheqpver it shone ....

in her face. Close by the king's castle lay a great dark '.'.'
forpst, and uqder an old lime-rtree in the forpst l?â3 .ror

a well, and when the day was Yery lvarul, the king's .,.,

child went out into the forpst and sat down by the side -..,.

of the cool founÀtain; and when she was bored she took '.."
a golden ball, aud threw it up on high and caught it; .,'.
and this ball was ber favorjte playJ,hing. ...,

and 'looscst' lines in each resulting paragrapb werc recorded, as well as tbe uumber of
hypheus introduced, and the comparisons came out as follows:

trst-fit ( best-fit
first-ût: bcst-fit
ûrst-fit ) best-ût

Inax ry hyphens

35o/o L2%
s0% 77%
L5% LL%

mln ri
6e%
26%
s%

Thus, in 69% of the cascs, thc minimum adjustment ratio r5 in the lincs typeset
by first-fit was lcss than the corrcsponding value obtaiued by bcst-fit; thc maximum
adjustmcnt ratio in the first-ût lincs rvas lcss than the maximum for bcst-iit about 3596
of the time; ctc. We can summarize this data by saying thaL the first-tt method usually
typcsc[s at least one line that is tigirter than the tightest lioe set by best-tt, and it
also usually produccs a linc that is as loosc or looser than tbe looscst linc of bcst-fit.
The number oi hyphcns is about the same for both methods, altbough bcst-ût would
produce fcwcr if the pcnalty for hyphenation rvere increased. A more dctailed study of
the cxpcrimental data shorvs that the superiority of best-ût is espccially pronounced in
the cascs where the lines are rather Darrolv.

We can actually do bettcr than both of these methods by ûnding an 'optimum'
way to choose thc breakpoints. For example, Figure 3 shorvs horv to improve on both
Figures I and 2 by making line 6 a bit looscr, thereby avoiding a rather tigbt, 7th line
and a fairly loosc lOth linc. This pattcrn of brcakpoints was found by an algoritbm
that will be discussed in detail belorv. It is globally optimum in the scnse of having
fewcsb total 'demcrits' ovcr all choices ol breakpoints, where the dcmerits assessed for
the ;th linc are computcd by tbe formula

( (t + Bj+?T)2 * ai, if z; ) 0;

ô, : { Q* §i)' -r}*ai, if -oo ( ri ( o;

( (1 + §)2 * ai, if r; - -oo.

Ilere Bi and r'; arc the badness rating and the penalty, as before; aud a; is zero unless
both line 7 and the previous line cndcd oo {lagged penalty items, in which case aj is
the additional penalty assessed for consecutive byphcuated lines (e.g., 3000). \Ve shall
say that we have found the best choice of breakpoints if we have minimized tbe sum
of di over all lines j.
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l2 DONALD E. KNUTH AND MICHAEL F. PLASS

(") In olden times when wishing still helped one, there lived a king '.'.,

whose daugbters were all beautiful; aud the youngest 'tvôS 8o .rrr

beautiful that the sun itself, which has seen so much, was eston' -.t,'

ished whenever it shone in her face. close by the king's castle lay -..,.

a great, dark forest, and under an old lime-tree in tbe forest 1ÿ8t '.rrr

e iell, and when the day was very ryarltr, the king'r child went .,.'

out into the forest and sat down by the side of the cool fountaiDl '.t|'
and when she was bored she took a golden ball, and tbrew it up '.,'.

on higb and caught, it; and thig ball was ber favorite plaything. ..oc

In olden times when wishing still helped one, there lived e king -.,.,

whose daughters were all beautiful; and the youngest 1eâ8 80 .rrr

beautiful that the sun itself, ryhicb has seen so much, wa8 83toD' '..,'

ished whenever it shoue in her face. close by the king'a castle .,.'

lay a great dark forest, and under an old lime-tree in the forest .0,'

was aïell, and when the day was very warm, the king's child '.''
went out into the forest and sat down by the side of the cool .rrr

fountain; and when she was bored she took a golden ball, and ....

threw it up ou high and caught it; and thig ball was her faYorite '.,"
plaything. 'oc'

Inoldentimeswhenwishingstillhelpedone,thereliveda.'.o
king whose daughters lvere all beautiful; and the youngest wet '"'
so ùeautiful that the sun itself, whicb has 8eeu 80 much, wât .rrr

astonished whenever it shone iu her face. close by the kigg'8 .,,'

castle lay a great dark forest, and under an old lime'tree in the '0,'

forest wâs a well, and when tbe day was yery tearm, the king's .,"

child went, out into the forest and sat dowu by the lide of the .,..

cool fountaiul and when sbe was bored sbe took e goldeD b8ll, .",

and threw it up on high and caugbt it; aud thil ball 1?8t h€r .r|l

favorite playthiug. 'o't

(b)

(c)

Figure l. A tomeaha! uidcr sctting ol lhc somc tamplc porcgroph" by (o) lhe frtl'fl
method, (b) thc bcil-ft mcthod, and (c) the oVtimum.ft mclhod^ Notice lhc tiglü linc
tolloucd by a lootc linc al lhe beginning ol czomplct (a) and (b), vhilc no hyphcnation vot
ncedcd in (c); on thc olhcr hond fu)h one linc thorler than (b) ond (c).

The first-lit method found a way to set the paragraph of Figure 4 in only nine lines,
while the optimum-ût method yields teu. Publishers who prefer to save a little paper,
as long as the line breaks are fairly deccut, might therclore prefer the first-fit solution
in spite of all its demcrits. Thcre are various rvays to modify the spcciûcatious so tbat
the optimum-ût method will give more prcference to short solutions; for example, the
strcüchability of thc glue ou tbe tnal line could be decreased from its prescnt huge
sizc to aboui thc width <if the line, thereby making tbe optimum algorithm prcfer ûnal
lincs ùhat are ncarly full. We could also replacc the constaut'l'in the de0nit,ion of
dcmerits di by a variablc paramcter. Thc algorithm wc shall dcscribc bclow can itr fact
be set up to produce ùhe optimum solution having tbe minimum number of lines.

Tbe text in these examples is quite straightforrvard, aud we have been setting tyPe
in reasonably rvide columnsl thus we have not been considering especially dilEcult or
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T4

Ix oldcn üiner rhca
rirhinB rüi.ll belped
onc, thcro livcd e king
rhorc daughtcrl çcrl
rll bceuüiful; eod ühc
youngcrü rlr ro bcau-
tilul ühat ühc run iü-
rclf, rhich bar reen ro
roucb, wrr utonirhcd
rhcncvcr iü rhooc io
bcr facc. Clorc by
ühc king'r cartlc ley r
grcet dark forert, ead
undcr an old limc-trcc
in ühc forcrt var a
rcll, end rhca thc
dry rar vcty rarrl,
ihc king'r child reaü
ouü inüo ühe forcrü
ead raü dorn by
tbc ridc of t,hc cool
fountaiu; and rben
rhc war borcd rbc
üook a goldcn ball,
rDd ührcr lü up on
higb aod caugbù lü;
aod ühir ball rar ber
favoritc playùhing.

Nor iü ro bappencd
thaü on onc occarioa
thc princcrr'r goldcn
ball did noü fall int,o
thc lit'ülc hand t,hat,
rho war holding up
for iü, buü on to ühe
ground bcyond, and
iü rolled rüraig,ht, into
the çatcr. Thc king'r
daught,er followed iù
riüh hcr cycr, buü
iü vanirhcd, rnd ùhc
rcll rar dcep, ro
dcep ùbaü ùhc botüom
could nol, bc rceu, At
t,hir rhc began üo cry,
and cricd loudcr end
loudcr, end could noü
bc comforücd, And
ar rhc ühur laoenücd
roneone rrid üo hcr,
'Whaü aih you, king'r
daughüer? You reep
ro l,haü evrD r tüonc
rould rhow pity.'

Shc looked rouad
üo übe tidc fron
çhcuce übc voicc
cemc, and trv r fto6
rtraüching forüh itr
big, ugly hcad froo

thc ratcr. 'Aà, old
ratcr.rplerbcr, ir it
,oul' rÀid rhc; 'l
ao rccping for ay
BoldêÀ ball, rbicb bar
lallcn ioto tbc rcll.'
'Bc quici, and do noü
rccp,r anrrcred thc
lrog. 'l cÀD brlp tou;
buü rbaü rill you givo
me if I bring your
pleyühing up ÀgÀinlr
'Whetevcr ÿou üll
bavc, dcar fro6,' raid
rhcl 'my clotber, my
pcarlr and jcrch, rnd
cvcn thc Eoldcn crora
tbat I am rceriag,'
Thc frog larwctGd,
'I do noü cerc for your
cloüher, tour pcrrh
aad jcvclr, Dor fot
ÿoul 8old.n crorn;
buü if you rill lovo
Eê rDd lct nc bc
ÿour coEpÀDion rnd
play-fcllor, rnd tiü
by you aü your liüülc
üablc, and cat oE your
liüülc goldca platc,
and drink out of your
liüùlc cup, and rlecp in
your lit,t,lc bcd-if you
rill promirc mc thir
I rill go dorn bclor,
and bring you ,our
golden ball up egain.'

'Oh ycr,' raid rhc,
'I promire you all
you rirh, il you rill
buü bring roG Bÿ b.U
baclt agaia.' But rhc
ùhougbü, 'Hor ùhe
rilly lrog docr üalkl
A-ll hc doer ir riü in tbc
ratcr rith thc otber
frogr, aod crork, Hc
cea bc no compaaion
ùo any huoan bcing.'

But ihe frog, rhcn
hc bad rcccivcd ùbir
promirc, puü hir bcad
inüo übc watcr end
renk dorn; end in r
rborü rhilc he crmc
rümoing up again
ritb tbc ball iu hir
mouüb, end thrcç iü
on ühc Brèrr. Th.
kiag'r daughtcr rer

dcligÀted to rcc bct
prcùüy plaything onco
oorc, ud rbc picled
iü up end rro ltry
rith iù. 'Wait, rait,'
raid thc frog. 'Trltc
nc riüb you. I cao't
rrm ar ,ou can.' Buü
rbeü did iü rvril hir
to rcrrrtn hir croek,
croak, alùcr hcr, rr
loudly rr hc could?
Sbc did aol lirùoa üo
iü, but ran hooc eod
roou lorgot ühc poor
lrog, rbo ru forccd
üo go brck ioto hir
rcll egein.

Thc ncrt dry tbcn
rhc brd rcatcd hcr-
relf aü table riüh tho
king and rll tbe cour.
[icrr, rnd tlt !rt-
ing lroo hcr litülo
goldrn plÀtG, toEc-
thing camc crccpin3
rplirh rplarh, rplirb
rplarh, up ùbc marblo
rüaircarc; and rbcn
it had goü üo the
top, iü knockcd et
ühe door and cricd,
'Princcrl, youngcrt
princcrr, open thc
door for mc.' Sbe
ran to tee rho rer
ouüridc, buü rheo
rhc opcncd ihc door,
tbcre raü tbc frog
in front of il. Thcn
rhc rlammcd tbc door
üo, in grcr[ harlc,
rrl, dorn to dinncr
agein, and rar quitc
(rightcncd. Tbc king
rar plainly tbeü het
hcart rrr berting vi.
olcnily, and raid, 'My
child, çbat rr! ,ou to
afreid of? lr tbcrc pcr-
chencc e gieat outrido
rbo rantr ùo cerry
you aray?' 'Ah, Do,t
rcplicd rhc, 'lt ir ao
gianü, it ir r ürgurt
ing frog,'

'Whrt docr r lrog
raat ritb tou?' 'Ah,
dcar faübcr, t.ttcrdry
rr I rrr in ühc lororl

rilting by lhc rcll,
playiag, uy goldtn
bell fell inüo tbc
çeücr. And bcceuro
I cricd ro, ùhc frog
broughü it ouù e6ria
lor rnc; rnd bccaurc
hc ro inrirted, I prou-
ircd bim be rhould
bc my comprnion, bul
i o-.1 tho'ughü hc '

rould bc rblc üo cone
ouù o[ hir çeücr. Àud
nor he ir outridc
therc, ead rentt üo
comc iu to tec ruc.'

In thc ocratiur
it kaockcd r rec.
ond !imc, ud cricd,
'Priocerr, youl6erl
prioccrr, open thc
door lor ac. Do you
nol knor rbet you
raid lo toc ycrtcrdry
by tbc cool tetert
of thc çcll? Prin-
crrt, rouDscrt prin.
cctr, op!D tbc door
lor roel'

Thcn rüd the king,
'Tbat rbicb you hovo
proaired rDutt Jrou
perform. Go rnd let
hia io.' Sha renü
end opcoed tbe door,
end the frog hopped
in end follored her,
rtcp by rtep, to her
cheir. Tbcrc he saL
aad cricd, 'Lift me
up bcridc you.' Sho
dclrycd, untü rü larü
the Lin6 cornmendcd
bcr üo do i!. Ooce ùhc
lrog rer on thc chür
hc renùcd to bc oo
thc teblc, ead rhea
hc çar on übc üablc hc
reid, 'Nor, purh your
littlc goldca platc
ocrrer ùo mc, ùhet
r. E8t eaù logeüher.'
Shc did ùhir, buü it
rar ?rtt to rec ührl
rbc did ooù do it çill-
infly. Thc lrog cn-
joyed rheü hc etc, buÙ
almort cvctt rDouüh.
ful rhc üook cbolccd
bor, At longth hc rrid,
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are too long to fit in one line. Therelore ùhe rvord 'little' will have to appear in a
linc that contains only three lvords and two spaces, no matter what text Preccdcs this
particular scquence,

The ûnal paragraphs of the story prescut othcr difficulties, somc of which involve
complex intcracLions spanning many liDes of the tcxt, makiug it impossible to find
breakpoints that would avoid occasioual rvide spacing if tbe text wcrc justi0ed. Figure 7
shows what happcns whcn a porlion of Irigure 6 is, in fact, justiûed; this is the mosù
dif[cult parL of the entire story, in which one of the lines iu the optimuEo solution is
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Figurc 7. Th* porlion ol lhc tlory in Figurc 6 it lhc motl ditficult lo
hondlc, shen ae ky lo judity lhc cccond-lasl paragroph udng ruch
norrou columns; cucn lhc oplimum brcakpoinlc rctu/t in widc tpocet.

aad ,cra herpcrrcd r.rro
ÿith goldcn chainr; r.rso
and belrind rüood r.orr
thc young king'r rcr. .rrr
vanü F'aiülrful Hcnry. r.rrr
Feittrful Hcnry hrd r.soo
bcca ro uqpappy r.rrr
thcn hir oa{,cr rtr r.os.
chragcd inüo r frog, r.rrr

wide variety of typesetting problems. Some of these applications are straightforward
extensions of the simple ideas used in Figures I to 4, while otbers seem at Ârst to be
quite unrelated to the ordinary task of line breaking.

Combining paragrsphs

If thc dcsircd liue widtbs li are not all the same, we night rvant to typeset two para-
graphs with the second one starting in the list of line lengths where the first oDe leaves
otr This cau be donc simply by treating the ùrvo paragraphs as one, i.e., appending the
secoDd to the firsü, assuming that each paragraph begins with an indentatiou and ends
with finishing glue and a forced break as meutioned above.

Patching

Suppose that a paragraph starts on page 100 of some book and continues oû to
the next pago, and suppose that rve want to make a chauge to the lirst part of that
paragraph. We want to be sure tbat the last linc of the new page 100 will end at the
righü-band margin just, bcfore the rvord that appears at the begiuning of page l0l, so
that page 101 docsn't have to be rcdone. It is casy to specify this condition in terms
of our conventions, simply by forcing a liue break (with penalty -oo) at the desired
place, and discarding the subsequent tcxt. The ability of the optimum-lit, algorithm
to 'look ahead' means that it rvill tind a suitable way to patcb page 100 whenever it
is possible to do so.

'W'e can also force the altered part of the paragraph to have a certain Dumber of
lines, ,t, by using the following trick: set the desired lcngth I1.u1 of the (,t f 1)st line
equal to some number 0 tbat is diferent from tbe length of any other line. Then aa
empty box of lvidth d that occurs betrveen two forced-break penalty items will have to
be placed on line ,t + 1.

Punctuation in the margins

Some people prefer to have tbe right edge of their text look 'solid', by setting periods,
commas, and other punctuation marks (including inserted hyphens) in the rigbt-hand
margin. For example, this practice is occasionally used in contemporary advertising.
It is easy to get inserteâ hyphens into the margiu: \û/e simply let the width of the
corresponding peualty item be zero. Aud it is almost as easy to do the same for periods
and othcr symbols, by putting every such charactu in a box of width zero and adding
t,he actual symbol width to the glue that follorvs. If no break occurs at tbis glue, the
accumulatcd width is the samc as before; and if a break does occur, the line will be
justified as if the period or other symbol were not present.

a
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penalty with p; - 999, say; thcu the bad break is chosen oDly iu an emergency, when
there is no other good way to set the paragrapb. It is possible to make the typist's
job reasonably easy by rcserving a spccial symbol (u.9., o) to be used instead of a
normal space bctween words whcncvcr breaking is undesirable. Although this problem
has rarely been discussed in the literature, the authors subsequently discovered that
some typographers have a word for it: they call such spaces 'auxiliary'. Thus there is
a growing awareness of tbe problem.

It may be useful to list the main kiuds of contexts in whicb auxiliary spaces were
used iu Seminumerical Àlgoritâms, sincc that book ranges over a wide variety of tech-
nical subjccts. The following rules should prove to be helpful to compositors who are
keyboarding technical manuscripts into a computer.

1. Use auxiliary spaces in cross-references:

TheoremoA AlgorithmoB CbapteroS Tableo4 Programs E andoF

Note that no @ appears after 'Programs'in the last example, since it would be
quite all right to have 'E and F'at the bcginuing of a line.

2. Use auxiliary spaces betweetr a person's forenamcs aad betweeu multiple sur-
nameB:

Dr.ol.oJ. Matrix Luisol. TrabboPardo Peter VauoEmdeoBoas

A recent trend to avoid spaces altogether between initials may be largely a reaction
against typical computcr line-breaking algorithms! Note ühat it seems better to
hyphcnate a Dame than to brcak it betrveen words; e.g., 'DoB-'and'ald E. Knuth'
is more tolerable than 'Donald' and 'E. Knuth'. Iu a sense, rule I is a special
case of rule 2, since we may regard 'Theorem A' as a Dame; auother example is
'registeroX'.

3. Use auxiliary spaces for symbols in apposition with nouns:

bascoü dimeosionod fuuctiono/(r) stringoe of lengthol

Howevcr, compare the last cxample with'stringos of length loor more'.
4. Use auxiliary spaces for symbols in series:

1,o2, oro3 c,oà, andoc lro2r...ron

5. Use auxiliary spaces for symbols as tightly.bound objects of prepositions:

ofoz from 0 tool increase z byol in common withom

This does not apply witb compound objects: For example, type'of uoandou'.
6. Use auxiliary spaces to avoid breaking up mathematical phrases tbat are rendered

in words:

equalson less thanoe modo2 moduloops (givenoX) NPocomplete

Also type 'lf üois ...', 'when zogrows'. Compare 'iso15,' with 'is lSotimes the
height'; and compare'for all largeon' with'for all nogreater thauons'.

7. Use auxiliary spaces when enumerating cases:

(b)oShow that /(r) is (l)ocontinuous; (2)obounded.



lu2notd aN q,L '8 rttîll
(qrefl.D1sqrnog N

'papp8 aq 18nut arrll sJlxa rrB 8altr!îauo8 lng
('qctn'roqry uuy) ra,namaü'v 'atarÀar aqt ql!Àr
flacm u! ?B isâJppB pus ousu eql araqa os?c a s! slql

'lndlno :alnduor oql o? en13 (1eo:) pue srossrcs 3ur.(1dde 'alqrssod JoÀaJaqrÀ
pusq .(q dn sautl oueu-JoÂratÀal aql aÂou ol auoouos {ed of treql JoJ leJrrrrouoâa
1! apEItr Jaded uo paÂBs ,(ouoru Jo ?unoue oq? ?nq 'uorlerodo slql op o? alq"un ser,l,
.t(lottog lectleuaqleÿ{ uerrJaIIIV aql .(q posn are^rlJos uorlrsodruoc oq1 s:eof lua?ar
8ut:ng 'a8ed aqt uo sde3 aiueJls ou aJe ôJoql asnecaq Ja?10q {ool sllnsal oql arutl
awes oq? lE pue 'aleds o^es rres s.roqsrlqnd aq1 'qder8e:ed aq1 Jo cutl leuu oq? .1o trq?r.r
o{1 te ssorppe pus auerl s qcns 1nd o1 oceds luaragns sr aJoq,} .;1 'url.reur pueq-1qirr
aql le ''a't '1q3p qsng 1asad,(1 sr uorleruJoJut srql pue 'ssatppe pue auerr s.JoÀ\or^oJ
aql qlrÂL pou3rs a$ §ma:,/.aa pJ!îowaqpl^{ u1 paqsrlqnd saetlou ,tlat^al aql Jo 1soru

e0rrll JorIlnY

'd1oq lnof spoau
oulqttltr oq1 leql lll'olr{ ol saurl 1e 8u11ro;uor st ?l '{JoÀr a111r1 ,(larrrlereduoc qlrr*
poaordrnt ,(lqeocrlou 0q ue, 1nd1no oql Jo ,(1r1enb oql arurs 'lolerodo preoq{a1 eq1

3o 1:ed aql uo uor?ceJsrles qoI rolzor3 o? psal ?ceJ ul ,(etn soceds qcns Jo osn InJaJ€f,
aq; 'lalndtuoc s olut ldtrcsnueu e Suualua uaqnr soaeds f:erlrxne Uasur 01 uopJnq
leuorlrppe lerluelsqns e lou s! l! 1?q1 salsrrpur sloqlne oql Jo ocuorradxo luacog

'3ut1utrd aug Jo suot?tpsJ? plo qcns ?calJnsoJ o? aurl aq 01 stuaas lI
'rJoge Seo'Ue '1dosoro1 urtoCo'l^J 

^lorJrrog
:(Ot t 'd 'I 'loa) pouoJlrrou are s1eorq olqelsapun ,;o solduexo 8urano11o.; aq,y

oJaqà\ 'orfo.rg 'v {q lenrreu qcuoJd ,(rnluac-q1ua0louru e ,(1oueu ,slralq peq ,t11ecrâo1
-oqc.(sd Jo sonsst raqlo oql sêssoJppe 1€q1 {ooq ouo r(1uo iflluoredde st oJôq? lng .ornsu

s.uos.rod E Jo alpptu aql u! saurl {eoJq o? ?ou ,tr1 plnoqs s.roïsodtuo, leql Surfes
'aaoqe A alnr o1 sno8oleu? suotleprrouuoca: arrr8 osle s:{ooq ouos 'I11eer1euo1ne
srql uasur plnoc rolnduoa aql pue 'p.ro,n 1se1 1Bqî 0JoJôq lsnf aceds ,(.Ierlrxne ue
tutsn .(q auop aq 'as.lnoc go 'uec srql l1:oqs sr pJoÂr 1eq1 Jl ,(llercodso ,qdeliered e ;o
PJo/$' l?ug aql oJoJoq lsnl Surleo:q lsute8e puauuocar uorlrsoduoc uo s{ooq ,(ue;a1

'areds frerpxne ou spoou ,§l-e'g'ÿ astcloxo, ,.3.a lsloqur(s go socuonbas
3uo1 f1rre.1 JaIJE Jo aJoJoq {eoJq ot oÀlsuoJ}o os lou sl ?t pueq Joqlo oql ug .sloqufs
oÂrl Jo auo ,(1uo aÂ?q 1?q? suralled raprsuoc ,(1durs ?ou plnoqs auo ls4:eru uorlenlcund
i(q pa,u.ol1og ,6/uo.lapro, ',nrgoq13ua1, ',(q)g1oostolôxo, a{tI soruelsur opnlcut ol q3nouo
3uo1 1ar( '3uo1 ifiaa 1ou sr 1eq1 sloqu{s yo acuanbas e sueou .pJoÂr-uou uoq§, aJoII 'pJo,yr
-uou Uoqs e JolJe lsnf leolq e qllar sarlluuad unrpau pue 'p:o,n-uorr uoqs 

" 
aJoJaq

lsnf 1eo.rq e q?!Âr sarlleuad a3le1 alercosse plnoÂr lr Jr ouôqrs crl?ulolne ue qltat IIaÂ
i(lqeuosear op plnot ouo f,1eo:q oq? JaîJ? Jo aroJaq lsnl s:eodde sloqrufs go dno:B Uoqs
e :o 1oqu.{s a18urs 

" 
uoq/,t Jncro 01 Inaos s{eclq peq f11rcr8o1oqe,(sd 3o salduexa ?soni

'§atIlElsul osotll Jo,(ueu ul PoÂloÂur aq ol uoas suorleroprsuoc cr?ueruos ollqns lnq
luraq1 lnoqlr,rt auop oq plnoc Surp:eoq,(a4 leql os pôlsuolne aq plnoc salnJ oqt Jr Jacttr
uaÂa aq plnorrt 1l pue 'oai1 ro ouo olur uÂrop soln.! uaÀos asoq? Iloq o? ocru aq plno/ÿr lJ

6ISANI'I OJNI SHdYUDYUYd 9NIXVOUS



20 DONÂLD E. KNUTH AND MICHAEL F. PLASS

Let us say ühat the 'MR problem'is to typesct thc contents of a given box llusb right
at the end of a given paragraph, with a spacc of at lcast ur bctwcen the paragraph aud
the box if they occur oD the same line. This problem can be solved entirely iu terms
of the box/glue/penalty primitives, as follorvs:

(text of the given paragraph)
penalty(0, oo,0)
gluc(0, 100000,0)

penalty(O,50,0)
glue(ra,0,0)
box(0)
penalty(0, oo,0)
glue(O, 100000,0)
(the given box)
penalty(0, -æ,0)

The final penalty of -oo forces the ûnal line break with the given box flush right; the
trvo penaltics of foo are used to inhibit breaking at the following glue items. Thus,
the above sequence reduces to trvo cases: whether or not to break at the penalty of 50.
If a break is taken there, the 'glue(u,0,0)' disappears, according to our rule that each
Iine begins rvith a box; the tcxt of the paragrapb preccding the penalty of 50 will be
follorvcd by 'glue(0,100000,0)', rvhich rvill stretch to {ill the line as if the paragraph
had ended normally, and the givcn box oo thc ûnal line rvill similarly be preceded by
'glue(O,100000,0)'to fill the gap at the lefü. On the other hand if no break occurs at
the pcnalty of 50, the net clfect is to havc the glucs added all togetbcr, producing

(tcxt of the given paragraph)
glue(tu, 200000, 0)

(the given box)

so that the space betrvcen the paragraph and the box is ur or more. Whether the break is
chosen or Dot, thc badness of the trvo ûnal lines or thc Iinal line will be csscntially zero,
because so much strctchability is prcscut. Thus the relative cost di{Ierential separating
the two altcrnatives is almost cntircly due to the pcnalty of 50. Tbc optimum-tt
algorithm will choose the bctter alternative, bascd on the various possibilities it has
for sctt,ing tho givcn paragraph; it might evcn make the given paragrapb a little bit
tighfcr than its usual sctting, if this rvorks out, bcst.

Raggcd right margins
We obscrved in Figure 6 that an optimum liue-brcaking algorithm iutended for

justiûed tcxt does a fairly good job at makiug lines of nearly cqual lengtb even wheu
the lincs aren't justited aftcrrvards. Horvcvcr, it is not hard to construct examplcs
in which the justiûcatioû-orientcd method makes bad decisions, since the amount of
deviat,ion in line width is rveighted by the amount of stretchability or shrinkability
that is present. A line containing many words, aud tbcrcfore containing maDy spaces
betweeu words, will not be considercd problcmatical by the justilication criteria even
if it is rather short or rather long, because there is enougb glue present to stretch or
shrink gracefully to the corrcct size. Conversely, when there are few words in a line, the



'6 aJnSrJ ut rraoqs se 'qderiered e go

lxal aql o1 parldde aq osle uec ît 1nq 'suo11d?, Jo sa[111 3ur11as uaq.h auop ua?Jo ?sour
s! s!qJ. 'soull lenprÂrpur uo slred aq1 Sutraluar 's1:ed azrs-1enba flaleurxo.rdde olur 11

{ealq pue aurl auo uo 1U ol ruol ool sl leql lxal ouos o{s1 ol ,lrreâ\ 0Â\ flleuorsecag

lX0î PoJaluoc

'aur1 âurarolloJ aql ol paÀoltr sr lno s>[3r?s leql pJoÂî, e Jo^auoqÀr parnpaJ
arB §lrraulap l8lol oq1 laaoqe pouotluoru osuos aqt u! .?no Trlls, ??ql spJoÂr o? peal
ro^au 11t,n Êut11osodf1 lq8t:-pa88er o1 qaeotddt slqt lsq? a,tord o1 llneg]lp ,lou sr ,)I

'ur3retn 1q3rr aq1 1e
:eadde as!Àuoqlo plno&r ,(I '0Og'g)f11euod, 0q1 fq poursur uaqdr(q E ocurs 'pogrlsnf oq
.(11en1ce lou plnoqs sautl lenptÀlpu! aql 'suaqd,(q leuotldo JoJ pue scceds ro3 saeucnbas
aÂoqe aq1 Sutsn uosoqa uaoq o^sq s1u1od1ea:q aql Ja?Jy '?xa? pagrisnfun ur alqeJtsap
se lou are suorleuaqdi(q ocuts 'ggg ol 0g rtroJJ aJoq possaJrur uooq seq flleuod aqÀ

(o'gt-'g)on1â
(t 'OOg'9){11euod

(g'91 'g)0n13

(0 'oo 'g);(lqruad
ocuonbos aq? osn uec

aal '09 ;o ,(11euod e 3ur^eq uoqd,(q 1!un-g 1euo11do u? JoJ ,(T'0§'g)r(11euod, Sursn 3o
peatsu! !i(en relrturs E rr! pagreods oq u€, ?xo? pagrlsnlun ur suorleuoqd.(q leuorldg

'.nolôq suotlrnJl§uol 018Joq8lo arou oql ol lurpoacord aro.;oq f11n.;a.rec oldtnuxo
stql i(pn1s plnoqs Jopeal sql os 'suotlectldde 3ur1sa:a1ur leroÀas seq ,(1r1rqeqc?aJ?s
aaggeâa11 'rua1t an13 lsrg aq? u! 8I+ jo dlrlrqeqrlarls aq1 ?no slaJuec ,(1aaru 1! ?nq 'a)uec
-gruSrs lecrsfqd ou seq uol an13 prrooos aq? ul gI- Jo i(1r1rqeqc1orls aqt'leq? o?oN

'3ur4uuqs ro Surqrlarls ou qlrÂr aceds letu:ou e Surluasorda: '(g'6'g)an13
a^Bq ol sI ?callo ?au aqt 'sJnr3o {eojq ou Jr pueq raq?o aq? uO 'lJOl qsng urSaq llr/}r ourl
?xau aq1 teq'l os {ealq aql rolJs popJersrp aq ill,n,(0'gI-'g)an13, aql prre'aur1 aq1 uo
slrun 8I ;o f,1111qeq31or1s e aq IIr^\ aroql 'f11euad oq1 18 srncco {eoJq e ;1 '1uosa:d o:e
.(1r1rqeqa1aJls Jo strun gI uoqr*'.(0'g'g),(11euad, aq? ?e {EaJq o1 ruq1r.ro31e oq1 rog pooS
se lseal 1e aq si(earle ll!,!1 ?! osn?coq 'ocuanbos slql u! ,(0'gI '6)0n13, aql le Tealq ou st
aJaql leql aunsse feur 4L1 '5ur11osodr(1 pagrlsnf ro3 posn a,t ,(g'g'g)an13, oq? Jo psolsur

(o'st- 'g)an13

(g'g'6),(11euad

(g'91 '6)an13

aruanbas oq? ,tq poluosardar aq spJoÂr uoa,yrlcq saceds ,1a1

ol s! eapl aql 'aurl l?q1 uo aJe spJoÀ\ ,{uew nroq Jo?1su ou 'd,1rpqeqo,}aJls Jo lunoue
aures aql seq aull qcua l?ql os ?no :iroar siurql a{?u u?e a.n 'z(e,n 1qâu aq1 ut palpu€q
are sproÂÀ uaaÂrloq soceds oql JI :3ur11osodf1 pogrlsnlun go tuolqo.rd sno8oleue oq? o?
paldepr aq o1 q8noua 1n;tae,tod sl l! teql oas r,tou lleqs oÀ\ '1xa1 pogrlsnl go uolqo.rd aqr
o1 f1a1os paluolro aq o1 acuEIS lstg ?e sieodde lapou ,,(11euod/0n13/xoq oq1 q8noqrly

'uorleJgrlsnf :o.;aceds pJoÂrJolul alou ôlraJl o? JopJo ur g olnSrg.;o qdeiiuted
aql olu! poposul o.taar suoqdfq !(aur1 lsJU aql uo lno s{3t1s leql pJoÂr aql JoJ ldacxa)
g a:n8rg ur qder8ered SurpuodsalJof, aql ueq,1 Jallaq spear {11en1re qrlqr$. 'g arn?rg uJ
palellsnllt sl slql 'suotietaop 11eus ,(la,rrlereduoc pro^e ol sured aqel 11raa, wq1rro81e

tzSSNI'I OJNI SIIdVUOYUYd DNIXYOUB

I



22 DONÀLD B. KNUTI{ AND MICHAEL F. PLASS

In olden times when wishing still helped one, there lived a king
whose daughters were all beautiful; and the youngest war

so beautiful that the sun itself, which has seen so much, waa
astonished whenever it, shone in her face. Close by the kiug'e castle
lay a great dark forest, and uuder an old lime-tree in the forest wac

a well, and when the day was verJr warm, the king'a child went
out into the forest aud sat down by the side of the cool fountain;
and wheu she \f,as bored she took a golden ball, and threw it up
on high and caught it; and thig ball wag her favorite plaything.

Figurc 9. 'Roggcd.ccnlucil' lczt: The oplimum.ft algorilhm vill producc tpccial cllccle likc lhit,
uhcn oppropriolc combinaliont ol boz/gluc/pcnally itemc ore utcd tor lhc tpaccs bctuccn vordt.

Boxes, gluc, and penaltics can pcrlorm this opuation, in the followiug way: (a) At
tbe beginning of the paragraph, use 'glue(O,18,0)'instead of an indentation. (b) For
each spacc bct'ivcen words in thc paragrapb, use the scguence

glue(0, 18,0)
penalty(0,0,0)
glue(6, -36,0)
box(0)

penalty(O, oo,0)
glue(0, 18,0).

(c) End the paragraph with the scqucnce

glue(0, 18,0)

penalty(0, -oo,0).

The tricky part of this method is part (b), rvhich ensurcs that an optional break
at thc'pcnalLy(O,0,0)'puts stretchability oi 18 units at tbe cnd of one line and at
the bcginning of thc next. If no break occurs, tbe net, ellect will bc glue(O, 18,0) +
gluc(6,-36,0) *glua(0,18,0) - gluc(6,0,0), a ûxed spacc of 6 units. The'box(0)'
contains no [cxt and occupics no spacc; its function is to kcep the'gluc(0, 18,0)'from
disappearing at the bcginning ol a line. The 'pcnalty(O,0,0)' itcm could be replaced
by other penalties, to rcprcsent brcakpoints that are more or less desirablc. Horvcver,
this technique cannot be used togethcr rvith optional hyphenatiou, since our box/glue/
penalüy modcl is incapablc of inscrting optional hyphcns anywhere exccpt at the right
margin when lines are justiûcd.

The construction used hcre essenlially minimizcs the maximum gap betrvcen the
margins and the text on any line; and subject to that minimum it essentially minimizes
the maximum gap on the remaining lincs; and so forth. Thc reason is that our defini-
tions of 'badness' and 'demerits' rcducc in this case so that the sum of demerits for
any choicc of breakpoints is approximatcly proportional ùo thc sum of the sixth powers
of the individual gaps.

ÂLGOt-like languages

One of the most ilif[cult tasks in tecbnical typesetting is to get computer programs
to look right. In addition to the complications of mathematical formulas and a variety
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Once again, thc concepts of boxcs, gluc, and pcnaltics come to t,hc rcscuc: It turns out
that our linc-breaking mctbods dc'r,cloped for ordinary text can be used rvithout change
to do thc typcsctting of programs in ÂLGOL-likc languages. For cxample, Figure l0
shows a typical program taken from thc PASCÀL manualll that has bccn typeset
assuming trvo diflcrcnt, column rvidths. Âlthough thesc two settings of the program do
not look very much alike, they both were madc from exactly the same input, specified
in tcrms of boxcs, glue, and pcnaltics; thc only diilcrencc rvas the spcci{ication of Iine
width. (Thc input text in this cxample rvas prcparcd by a computer program called
BLÀISE12, rvhich rvill translate any PASCAL source text into a T!f, file that can be
incorporated within other documents.)

The box/glue/penalty speciûcations that lead to Figure l0 involve constructions
similar to thosc rve have seen above, but with some ncw twists; it will be sullicient for
our purposcs merely to skctch thc idcas instcad of drvelling on the dctails. One key
point is that thc breaks arc choscn by the minimum-dcmcrits critcria we bave been
discussing, but thc Iincs arc not jusiiûcd aflcrrvards (i.c., thc gluc docs not actually
stretch or shrink). Thc rcason is that relations and assignment statcmcnts are proccssed
by T[X's normal 'math mode', rvhich allorvs line brcaks to occur in various places but
without any spccial constructions particular to this application, so that justiûcatiou
rvould have the undesirablc cllcct of puttiog all such brcaks at the right margin. The
fact that justiûcation is supprcsscd actually turns out to bc an advantage in this case,
since it mcans that 'rvc can inscrL glue strctching rvhercver we like, rvithin a liue, if it
aficcts thc 'badncss' formula in a desirable rvay.

Each line in the rvidcr settiug of Figure t0 is actually a 'paragraph' by itself, so it
is only the narrowcr sctting that shows the line-breaking mccbanism at rvork. Bvery
'paragraph' has a spcciûcd amount of indentation lor its ûrst line, corrcsponding to its
position in the program, as a given numbcr , of 'tab' uniLs; thc paragraph is also givcn
a hanging indenlation oi t * 2 tab units. This means that all lincs aftcr tbe {irst âre
requircd to bo two tabs narrorvcr thau thc ûrs! line, and tbey arc shifted trvo tabs to
the right wiIh respcct to that linc. In sonc cases (c.g., those lincs bcginning with 'var'
or 'whilc') thc ofi'sct is thrcc tabs instcad of ttvo,

Tbe paragraph begins with 'gluc(O,100000,0)', rvirich has the cflect of providing
enough stretchability that the line-breaking algorithm will not wince too much at
breaks that, do not squarc pcricctly rviLh the rigiit margin, at lcast not on the first lioe.
Special brcaks arc insertcd at placcs where T!f, would Dot Dormally break in math
mode; e.g., the sequeDce

penalty(0, co,0)

gluc(0, 100000,0)

penalty(0,50,0)
glue (0, -100000,0)
box(0)

. pcualty(0, oo,0)
glue(0, 100000,0)

has been insertcd just bcfore'primes'in the var declaratiou. This sequence allows
a brcak witb penalty 50 to the next line, which bcgins with plenty of stretchability.
A similar construction is used betrveeu assignment statements, for example between

'sieue :: [2. . nJ;' and 'primes :: []', whe re the sequcnce is
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ACM Symposium on Principles of Programming
Languages, Third (Atlanta, Ga., 1976), relected
Papers *1858

ACM Symposium on Theory of Computing, Eighth
Annual (Hershey, Pa., 1976) 1879,4813,
5414, 6919, 6936, 6937, 6946, 6951, 6970, 7619,
9605, 101{8, 11676, l16g7, 11692,11710, 13g69

Software .. .... §ee *1858

ACM Symposium
on Principles of
Programming
Languages, Third
(Atlauta, Ga., 19?6),
selected papers ... *1858

ACM Symposium on
Theory of Computing,
Eighth Annual
(Hershey, Pa., 1976)

. 1879, 4813, 5414,
6919, 6936, 6937, 6946,
6951, 6970, 7619, 9605,

10148, 11676, 11687,
11692, 11710,13969

Software .. §ee *1858

ACM Symposium on Priuciples of
Programming Languages, Third
(Atlanta, Ga., 1976), selected paperg

..... *1859

ACM Symposium on Theory of
Computing, Eighth Annual
(Hershey, Pa., 1976)

1879, 4813, 5414, 6918, 6936, 6937,

6946, 6951, 6970, 7619, 9605, 10148,

11676, 11687, 11692,11710, 13869

Software See *1858

îigure 11. Thetc thrce eztroclt trom o'Kcy Indcz' acrc ell
typetct lrom iCentical input, with rctpccliue column vidllu ol
225 pointt, 175 pointt, ond 125 goinls. Note lhc combinolion
of rcAged right and rcggcd lctl tclling, and lhe 'dot lcodert'.

The ground rules are illustrated in Figure 11, wherc thcrc is a hanging indentatioa
of 2T units, and u1 - 45, üz : 9, rls : 7.2; the digits are I units wide, and the
respectivc column rvidths arc 405 units, 315 units, and 225 uuits. Tbe eutry for 'Theory
of Computing' shows tbrce possibilities for tbo lcader dots: They can share a line with
the cnd of the name parü and the beginning of the rcfcrcnce part, or they can cnd a
line bcfore the rcfercuce part or bcgin a line after the name part,.

Hcre is horv all this can be eacoded rvith boxes, gluc, aud penalties: (a) Each blank
spacc in tbe name part is represcnted by the sequence

penalty(0, oo,0)
gluc(ru2, 18,0)
penalty(0,0,0)
glue(6 - ü1-18,2),

which yields ragged right margius and spaces that can shrink from 6 units to 4 uoits
if necessary. (b) The transition between name part and reference part is represented
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this tends to makc it morc likcly that thc lcadcr dots will not disappear altogetbcr;
however, in the rvorst casc thc space for leadcrs rvill shrink to zero, so there might
not be any dots visible. It would be possible to ensure that all the leadcrs contain at
least two dots, by simply setting thc shrink component of thc lcader item in (b) to
zero. This would improve the appcarance of tha rcsulting output; but unfortunately
it would also incrcasc the lcngth ol the author indexes by about 15 per cent, and such
an expense rvould probably bc prohibitive.

A preliminary version of this construction has been used with ï[f, to prepare ühe
indcxes o1 Mathematical Reuieus since November, 1979. Horvcver, the items 'box(O)
penalty(O, æ,0)' rvere lcft out of (b), for compatibility with earlier indexcs preparcd by
other typcsctting sofürvare; this means that the lcadcrs disappear complctely whenever
a break occurs just before them, and the rcsul[ing indexes have uufortunate gaps of
whitc space t,bat spoil their apperrance.

AN ALGEBRAIC APPROACII

Thc cxamplcs we have just sccn shorv that boxcs, glue, and pcualties are quite versatile
primitives that allorv a user to obtain a u'ide varicty of e ffccts without extcnding the
basic opcrations necdcd for ordinary typcsetting. Ilorvevu, some of the constructions
may havc scemed like 'magic'; they rvork, but it isn't clcar how thcy were ever conceived
in thc ûrst placc. Wc shall norv study a lairly systcmatic way to deal rvith thcse
primitives in order to asscss thcir full potcntiality; übis bricf discussion is indepcndcnt
of ühc remaindcr of the paper and can be omittcd.

In tbc lirst place it is clear that

box(ro)box(ru') : box(ru * w'),

if we ignore the contents of the boxes and consider only the widths; only the widths
entcr into the Iinc-brcaking criteria. This formula says tba! any two consecutive boxes
can be rcplaccd by a singlc box rvithout aü'ecting t,be choicc of breakpoints, since breaks
do aot occur at box items. Similarly it is easy to verify tbat

gluc(u, y, e) glue(u' ,!l' , zt) - gluc(ur * u' ,y * y' ,2 * z'),

since thcrc will ba no break at gluc(ur', i,z'), and since a break at glue(u,y,z) is
cquivalcnt to a break at gluc(ur * u' ,V -l !l' , z * zt).

Undcr ccrtain circumst,ances we can also combine two adjaccnt pcnalty items iuto a
single one; for cxamplc, if -oo 1 p,p' ( *oo rve have

penalty(ur,p, /) penalty(r,p',/) - pcnalty(ru, min(p, p'), I)

with rcspcct to any optimal choice of brcakpoints, since thcrc are fewer demerits asso-
ciatcd rvith the smallcr pônalty. Ilorvcvcr, it is not always possible to replace the general
sequeDce 'pcnalty(u, p, /) pcnalty{u' ,pt ,/')' by a single penalty item.

We can assume rvithout loss of gencrality that all box items are immediately followed
by a scqucncc o[ the form 'pcnalty(0,oo,0)gluc(u,!,2)'. For if the box is follorved by
another box, we can combine the two; if it is followed by a pcnalty item with p ( oo,
we cau inscrt 'penalty(0, oo,0) glue(O,0,0)'i if it is followed by 'penalty(r, oo, /)' we cau
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Once a construction has been found in this rvay, it can be simplilied by undoing
thc proccss rvc havc used to dcrivc normal forms and by using othcr properties of
box/gluc/pcnalty algebra. For cxamplc, we caD alrvays delete thc pcnalty oo item ia
a scqucncc likc

penalty(0, oo, 0) gluc(0, y, e) penalty(O, p, 0),

if y ) 0 and z ) 0 and p ( 0, sincc a brcak at thc glue is nevcr bcttcr than a break
at the pcnalty p, and sincc both brcaks havc cxactly thc same cllcct (assuming tbat
thcra is no tcxt associatcd with t)re penalty p),

INTRODUCTION TO TIIE ÂLGORITTIM

The gencral idcas undcrlying thc optimum-ût algorithm for line breaking can probably
be undcrstood best by considering au cxample. Figure l2 repcats the paragraph of
Figurc 4(c) and includcs littlc veruical marks to indicate 'fcasiblc brcakpoints' found
by the algorithm. A teasible brcal:pointis a place rvhere the text of the paragraph from
thc bcginning to this point can bc brokcn iato lines rvhose adjustment ratio does not
cxcecd a givcn tolcrancc; in the case of Irigure 12, tbis tolcrance rvas taken to be unity.
Thus, for cxamplc, there is a tiny mark after '[ountaiu;' siucc thcrc is a rvay to sct the
paragraph up to this point rvith'fountain;'at the end of ùhc 7th line and witb none of
lines I to 7 having a badness cxcceding 100 (cf. Figurc a(a)).

Thc algorithm procceds by localing all of thc feasible brcakpoints and remembcring
the bcst way to gct to cach onc, in thc scnsc ol fervcst total dcmerits. This is done
by kccping a list oi'active'brcakpoints, reprcscnting all of thc fcasible brcakpoints
that might be a candidate for future breaks. Whencvcr a potential breakpoint ô is
encountcrcd, thc algorithm tcsts to sce il therc is any active breakpoint a such that
thc linc from a to ô Lras an acccptaLrlc adjustmcnt ratio. If so, ô is a feasiblc brcakpoint
and it is appendcd to the active list. 1'he algorithm also remembcrs the idcntity of
the brcakpoint o tha[ minimizcs thc total dcmerits, r,.'hcn the total is computed from
the bcginning of thc paragraph, through a, Lo b. When an activc brcakpoint a is
encountcred for which the line lrom a to ü has an adjustment ratio lcss than -l (i.e.,
rvhcn tbc line can't bc sbrunk to fit the dcsired lcngth), brcakpoint a is rcmoved from
thc activa lisi. Sincc the sizc of the activc lisi is esscntially boundcd by tbc maximum
numtrcr of rvords per line, the running tirne of thc algorithm is bounded by this quantity
(which usually is small) timcs thc numbcr of potential brcakpoints

For examplc, rvhcn the algorithm bcgins to rvork ou thc paragraph iu Figurc 12,
thcrc is only onc activc brcakpoint, reprcscnling the beginning of thc {irsù linc. It is
infcasible to have a linc starting there and cnding at 'ln', or 'oldcn', . . . , or 'livcd',
since the glue betwcen rvords does not accumulatc cnough strctchability in such sbort
segments of thc tcxt; but after the next u,'ord 'a' is encountcrcd, a fcasiblc brcakpoint
is found. Norv there are trvo activc brcakpoints, the original onc and the new one.
Âfter the ncxt rvord 'king', ûhcre arc three activc brcakpoints; but aftcr tbe ncxt word
'whosc', thc algorithm iecs that it is impossiblc to squcczc all of the text from the
bcginning up to 'rvhosc' on onc line, so the initial brcakpoint bccomes inactive and
only two active ones remain.

Skipping ahcad, let us considcr rvhat happens rvben thc algorithm considers the
potcntial brcak after 'founüain;'. At this stage there are cight active breakpoints,
following the respcctive text boxcs for 'child', 'wcnt', 'out', 'side', 'of', 'the', 'cool',
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Figure 13. Thit ncluork thoat lhe lcatible brcakpointt and lhc numbcr of dcmerils
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lhe iouom ,orrtrpoÀd, b the beil woy lo lypcscl lhc paragropla it uc rcgord lhc dcmcrilt

as ditloncct.

toward infeasibility (a higher tirrcshold value for the adjustment ratios). Alternativcly,
Tfif, takes the atfitude tbat the user rvants to make some manual adjustmcnt whcn

therc is no way to mect thc spcciûccl crilcria, so the actiYe list is forcibly prcvcnted from

bccoming empty by simply dcclaring a breakpoint to be lcasiblc if it would othcrwise

leavc thc active list cmpti. Tbis rcsults in an ovcrsct linc and an error mcssago that

encourages the user to take corrcctive action.

Figure 14 shows whai happcns rvhcn the algorithm allorvs quite loose lines to be

feasiÉle; in this case a linc is considered to bc infeasible only it its adjustment ratio

excccds 10 (so that there lvould bc more than two ems of spacc betrvcen rvords)-

Such a setting oi tbe tolcrances would be used by pcople who don't want to make

manual adjustments to paragraphs that cannot be sct rvell. The tiny marks that

indicate feasible brcakpoints have varying lengtbs in this illustration, with longer marks
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The area of a
circle is a mean ProPor-

tional between anY two regular

and similar polygons of which one

circumscribes it and the other is iso
perimetric witb it. In addition, ühe rrea

of the circle is less than that of any cir-

cumscribed polygon aud greater thau that
of any isoperimetric polygon. Aud further,
of these circumscibed polygone, tbe one

that, has the greater number of sides har

a smaller area than the oue that hac

a lesser numberl but, on the otber
hand, the isoPerimetric PolYgon

that has the greater uum'
ber of sides ir the

larger' 
- Galileo Galilei (1s38)

I
turn, in the

following treatises, to
various uses of those triangles

whose geaerator is unity. But I leave out

many more than I include; it is extraordinary how

fertile in properties this triangle is. Everyone can try his hand.

- Bleise Pascal (1654)

Figurc 15. Ezomplet of line brcalcing wilhlinct ol difiercnl dzet.

But the interesting thing is that this cconomy ol storage would not be possible if the
future lincs were not all oi thc same lcngth, sincc difiering line lcngths migbt rvell
mean that it would be much bcttcr to put 'seen' ou line 4 after all; for cxample, we

have mcntioncd a trick for forcing the algorithm to produce a givcn numbcr of lines.
In tbe prescnce of varying line lcngths, thercfore, the algoritbm would need to have
two scparate list cntrics for an activc brcakpoint after tbe \.vord 'scûn'. The computer
cannot simply remcmber the one rvith fervcst total dcmerits, because the optimality-
priuciplc of dynamic programming rvould not, bc valid in such a case.

Figure 15 is an example of linc brcakingwhen the individual lcngths are all diflerent.
In such cases, the need to attach line numbers to breakpoints might mean that the
numbcr of active breakpôiuts substantially exceeds the maximum number of words per
line, if the fcasibility tolerancc is set high; so it is dcsirable to set tbe tolerancc low.
On thc othcr hand, if the tolerancc is sct too lorv, therc may be no way to break the
paragraph into lines having a desired shape. Irortunately, there is usually a happy
medium in which thc algoritbm has cnough flexibility to lind a good solution without
needing too much time and space . The data in Figure 16 shorvs, for example, that the
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In olden times when wiobing still helped one, there lived a .'.o

king whose daug\tera were all beaqtiJul; and the younçst'1râ8 8o "rre

Uea-qti;ut that tLe sun itpelf, which has seen so much,lYas sston- "'rr
isheâ i"h.qp".r it shone in her face. Close by the king'a-castle lay '."'
a great dark forpst, and uqper an old lime'Sree in the f:f:t wâ8 "rrr

" 
irll, and when tbe day tyas yerÿ l?erln, the king's child went .,0'

out inio the forpst and sàt down by the side of the cool founsainl '."'
and when she was bored she took e golden ball, and threw it up '."'
onhighandcaugbtit;andthieballwasberfavorjteplay|,bing.....t

In olden times when wis\ing still helped one, there lived a '"o
king whose daug\terl were all beaqtiful; and t'he younggst 1va8 'r"
so üeaqtiful that ih. too i§elf, which has see' 8., much' '1f,â8 

'rer

astonjsüà wheqpver it shone in her face. Close by the king'8 .',.

castle lay a greai dark forpst, and uqper au old lime,$ree in the .o"

forpst was a well, and when tbe day was Yery wârm, the king's ""
child weut out, into the forpst aud sat down by the ride of tbe .'..

cool fouqtainl and when she was bored ghe took a goldeu ball, .,,,

aud threw it up on high and caught it; and thir ball 1Yâ8 h€I .rt|

favorjte play$hing. 'r'r

Inoldentimeswhenwis\lugstillhelpedoBe,therelived'''o'
a king whose daug\ters were all beaqtiful; end-tbe ÿoüDT r',r

est wis ro beaqtifui tUat the ruu i§elf, wbich har 8€€D 80 r.rrr

much, w8§ EstoitU.d *h.qpver it shone iu her face' Clote '.'"
by the king's castle lay a great dark forprt, and uqfler 8II r'.r

oid lime-^tràe in the forpst was I well, aud when- the day "'o'
\f,as yerÿ warrl, the king's cbild went out, into the forpst '....
and sat, down by the side of the cool fouqtain; and when ''"'
she was bored sLe took a golden ball, and threw it up on ''"'
highandcaughtit;andthisballwasherfavorjt€pl8ÿ-r'rrr
thing. '"r

In olden times when wisbing still helped one, there ''"'
Iived a king whose daug\teil were all beau.tiful; and ''"'
tbeyounçst,wassobeaqtiJulthatthesuni§elf,lÿhich''"'
has seen 80 much, was astonished wheqpver it shoDe ''"r
in her face. Close by the king's castle lay a great ''"'
dark forpst, and uqpei 8D old lime^$ree in the for- n..'.

est wa§ a well, and when the daÿ wa3 Yery leâllD, r',r

the king's child went out into the forpst' and tat dowu 
'''oo

by the side of the cool fouqtain; aud wheu rhe Yÿâ8 r'rrr

bôred she took a goldeu ball, and t'hrew it up oD r'r,

high and caught, it; *a tUit ball war her favorjt€ pl8ÿ'r'rrr

thiug. '"'

Figurc 18. Poragroplu oblained vhcn thc'lootcnc$' poromclcr has been scl to -1, O,

{i, and }2. .e,i;n'Figurc ll, lhe ryacet hauc bccn alloocd lo ilrctch ug lo loo cmt bctorc

ir;ig coni;arrcd inlcoiibtc. ioot, icttinç likc lhit arc romclimct ncccstoty lo balance o

gogc, bu! o! coure c thc ctlcctt orc nol bcaulilul shcn one goct lo czhcmu'
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without violating the couditions of feasibility. Figure 18 shows what bappens to the

examplc paragraph of Figurc 14 rvhcn g: -1, 0, *1, and f2, respectively. values

of g ( -l would be the same as q: -l sincc this paragraph cannot be squcezed any

furlher, and valucs of g ) 5 would be the same as I : 5 siuce the paragraph can't
be stretched to more than l5 lines rvitbout haviug at least one line whose adjustment
ratio exceeds 10. The user can get the optimum solution baviug fewest possible lines

by setting g to an extremely negative value like -100. 
lffÏen q * O, the feasible

breakpoints corresponding to diflerent line numbers must all be remembered, even when

every line has the same lcngth.
Wbeu the lines of a paragraph are fairly loose, we don'ü waut the last line to be

uoticeably dillcrent, so it is undcsirable to use a 'ûnisbing glue' witb almost infiuite
süretchability as in our earlier rcmarks. The penalty for adjacent lines of contrasting
classes seems to work best in conncction with looscness if the ûnishing glue at paragraph

end is set to have a uormal space equai to about half the total line width, stretcbiug
to nearly the full width and sbrinking to zero.

THB ALGORITHM ITSELF

Now let us gct down to brass lacks and discuss the details of an optimum line-

breaking algorithm. We are given a paragraph ZL...xm dcscribcd by itcms t,;:
(t;,w;,ÿ;,2;,p;,!;) as explained carlier, rvhcre z1 is a box itcm and e- is a penalty

item specifying a forced break (p^ : -co). We are also given a potentially intinite
,oquoo.. of positive line lcnglhs lr, lz, ,.. , Thcre is a paramcter a that gets added

to the demcrits rvhcnever there are Lrvo coDsecutive brcakpoints with t;: l, and a
paramctcr 7 t,hat gcts added to tiic dcmcrits rvhcncvcr two consecutive lines belong to
incompatibte fitness classes. Thcrc is a thresbold paramcter p that is an upper bound

on thc adjustmcnt ratios. Ând thcrc is a loosencss parameter g.

A feasible sequencc of breakpoints (à1,...,ôr) is a legal choice of brcakpoiats such

that each of thc l! rcsulting liues has an adjustmcnt ratio ri 1 p. lf q - 0, the job of the
algoritbm is to find a feasiblc sequcnce ol breakpoiats baving the fewest total demcrits.
Iî q * 0, the job of the algorithm is somervha[ morc dil[cult to describe precisely; it
can be formulated as follows: Let È be the number of lines that the algorithm would
produce when Ç : 0. Then the algorithm ûnds a feasible sequence of Èf g brcakpoiuts
having fcrvcst total dcmcrits. Horvevcr, ii tbis is impossible, the value of g is decrcased

by l (if q > 0) orincrcasedby 1(if q < 0) untilafeasiblesolutionisfound. Sometimes

uo feasibte solution is possiblc eycn rvith q : 0; rve will discuss this situation later after
seeing horv the algorithm behavcs in the normal case.

Wc havc secn that it is occasionally useful to permit boxes, glue, and penaltics to
have ncgative rvidths and eveu negativc slretcbability; but a completely unrcstricted
use of negative valucs leads to unplcasant complications. For reasons of efiiciency, it is
desirablc to ptacc two timitations on the paragrapbs that rvill be trcated:

o Restriction 1. Lct Mt be the lengtb of tbe minimum-lenglh liue from tbe begin-

ning of the paragraph to breakpoint à, namcly Î,he sum of all ru,.-zi taken over all
box and glue items z; for I < t < ü, plus w5il z5 is a peualty item. The paragraph

must havc Mo 1 M6 wbenev$ a and ü arc legal breakpoints witb c ( ü.

o Restriction 2. Lct o aud ü be lcgal breakpoiuts with o ( ü, and assume that no z;
in thc rangc a 1i ( ô is abox item or aforced break (penaltyPd: -oo). Then
either b : t'tlr or z5-;1 is a box item or a penalty with p5-1-1 ( oo.
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From these considerations, lve may concludc that each node c in the data structure
should contaiu thc follorving ficlds:
position(a) : index of breakpoint represented by this uode (0 : start of paragraph);
linc(a) : number of the linc cnding at this breakpoint;
ûtucss(a) : ûtness class of the line ending at this breakpoint;
totalwidth(o) - (Xur)*r"r(o), used to calculate adjustment ratios;
totalstretch(c) - (rÿ)ort.r(o), used to calculate adjustment ratios;
totalshrink(o) - (Ez)"rt.r(o), used üo calculatc adjustment ratios;
totaldcmerits(a) - minimum total dcmerits up üo this breakpoint;
prcvious(o) - pointer to the best nodc for the prcccding breakpoint;
link(a) : pointer to the next node in the list.

Nodcs bccome active rvhcn they are tirst created, and thcy becomc passive wheu they
arc deactivatcd. Thc algorithm maintains global variables â and P, which poinl
respcctively to the ûrst nodc in thc active list and the ûrst node in the passive list.
The trst step can thercforc bc llcshcd out as follorvs:

( create an active nodo rcprcscnting the bcginuing of the paragraph ) :
begin â :-- new node(position : 0, line : 0, ûtness : l,

totalwidtli : 0, totalstretch : 0, totalshrink : 0,
totaldemerits :0, previous : Â, link - Â);

P:: À;
end.

we also introduce global variables Dw, »y, ar.d DZ to represent (Eur)5, (Ey)c,
and (Ez)6 in the main loop of the algorithm, so that the operatiou 'for ü :: 1 to m do
( if à is a legal breakpoint ) thcn ( main loop )' takes the foilowing form:

DW:: DY :: DZ::O;
forô::ltorado

if to -'box'theu DW :: DW * u»
clse if t6 : 'glue' tben

bcgin if üû-r :'box'then (main loop);
EW:: »W+us; EY :: Dy *yt DZ:: DZ * z»i
end

clsc if pa * *æ rhen ( main loop ).

In the main loop itsclf, the opcration 'compute the adjustmeut ratio r from c to ô, can
now be implemented simply as follows:

L :- DW - totalwidth(a);
if t6 : 'pcnalty' then L :: L * wü
j:: linc(c) * 1;

ffL</;thcn
bcgin Y :: DY - totalstretch(o);
if f > 0 thcn r :: (li - L)ly else r :: ooi
cnd

else if L ) /; thcn
begin Z :: DZ - totalshriuk(a);
iî Z > 0 then r :: (li - L)/Z else r :: oo;
end

clsc r :: 0.
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For a given position ô, thc inncr loop of this code cousidcrs all nodes o baving equivalent
Iine numbcrs, while the outer loop runs through all of the line uumbers that are
not equivalent.

It is not difficult to derivc a precise encoding of the opcrations tbat bave been
abbrcviatcd in these loops:

(computc demerits d and ûtncss class c ) :
bcgin iî p6 ) 0 thcn d :: (1 f 100lrl3 + pà)2

clse if pt * -æ thcn d :: (1 * 100irl3)2 - p!
elsc d :: (t * t00lrl3)2;
d:: d * a. lt. .fporition(o)i
ifr(-.5thcnc::0
else if r ( .5 thcn c :: 1

clse if r ( I thcn c :: 2 else c ::3;
if fc - ûtness(a)l ) I thcn d :: d* 1)
d:: d f totaldcmerits(a);
cnd;

( inscrt new active nodes for breaks from A. to ô ) -
begin (compute lta - (Eu)rrtcr(à), !y - (Ey)"1rcr(à), and 17 - (Ez)*ter(l) )i
for c :: 0 to 3 do iî D, < D +,y thcn

bcgin E :: new node(position: ô, line : line(.rl.)f 1, {itncss : c,

totalrvidth :1sl, totalstrctch: tÿ, totalshrink : !7,
totaldcmerits : D., previous : Ar,link : a);

il preua: À thcn â :: s clse link(preua) :: a;

preuo i: §;

cnd;

(computc 1ur : (Du)af rcr(à)r ly : (Ey)olrcr(à), and tz - (lz).1rcr(e) ) :
bcgin tw :: DW; ty :: DY; lz :: DZ; r :- ü;

loop: if i ) m then erit loop;
if ti - 'box' thcn crit loop;
if ü; - 'glue' thcn

bcgin lu :: tw * ui; ty :- ty * Vi; tz :: tz * z;;
cnd

else if Pi : -oo and i ) ô thcn crit looP;

i:- r -l 1;

rcpcat;
cnd;

( dcactivate node a ) :
begin if preuo: Â then A:: neila clse link(preva):: nezlo;
link(o) :: P; P :: o;
end;

After thc main loop has donc its job, ùhe active list will contaiu only uodes with
position : tu, since z- is a forced break. Thus, we can write

( choose the active node with fcrvest total demerits ) :
bcgin c :: à :: A; d :: totaldcmerits(o);

Ioop: a :- Iink(a);
iÎ o: Â thcn exit loop;

I
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ratio excccds pe while there is a non-optimum feasible solution meeting the tolerance
ps; lor practical purposes, however, this dillerence is negligible.

T[f, uses a dillerent sort of dual-threshold method. Since the task of word division
is uàntrivial, TbX ûrst tries to break a paragraph inüo lines witbouù any discretionary
hyphens cxcept those alrcady present in tbe giveu tcxt, using a tolerance threshold pr.

li iUe algorithm fails to lind a fcasiblo solution, or if there is a feasible rolution witb
q * O Uut tUe desired tooscness could uot be satisûed (6 # q), all nodcs are returned
to'free storage and Tftf, st,arts again using another tolerance p2. During this second

pass, all words of ûve lctters or more are submitted to I!f,'s hyphenation algoritbm
tefore they are treatcd by the linc-breaking atgorithm. Thus, the user sets p1 to the
limiü of tolerauce for paragraphs that can be completcly broken without hyphenatiou,
and p2 is set to the toleranco timit when hyphenation must be tried; possibly pr will be

slightly larger thau p2, but it migbt atso be smaller, if Ïypbenation is noü frowned on
toà mich. 

-tttX 
users.spccifytwo integers,'jjpar'- p! and'jpar': p1.1 Ia practice

p1 and p2 a|e usually equal to each other, or else p1 is near I and p2 ) 2; alternatively,
one can take p2 : 0 to ellcctively disallow hyphcnatiou.

When botb passes fail, Tff, continues by reactivating the node tbat was most recently
deactivatcd and trcats it as it it, u'ere a feasibte break leading to ü. This situatiou is

actually dctected in the routine 'deactivate node c', just, after the last Ective Dode bas

become passive:

if â:À and aeconrlpass and D: oo and r ( -1 then r:: -l
The net result is to produce an 'overfull box' that sticks out into the right margin,
whenever no feasible sequence of line brcaks is possible. Âs discussed above, some kind
of error indication is necessary, since the user is assumed to have set p to a value sucb

that further stretching is intolerable and requires manual intervention. An overfull box
is easier to provide than an underfull one, by the nature of the algorithm. The setting
of the overfull box will be as tigbl, as possible, so tbaü tbc user cau easily see how to
devise appropriatc corrective action such as a forced line break or hypbenatiou.

COMPUTATIONAL EXPERIENCE

The algoritbm described in the previous section is rather complex, since iÙ is intended
to apply to a. wide variety of situations that arise in typesetting. A considerably
simpler proccdure is possible for'tha special cascs ueeded for word processors and

newspapers; the appendix to tbis papcr gives details about such a stripped'dowu
version. Coutrariwise, the algorithm in T[f, is cveu more comPlex tbau the oue we

havc describcd, bccause Tfif, must dcal with leadcrs, witb footnotes or cross references

or page-break marks attached to tines, and with spacing botb iuside aad immediately
outside of math formulas; thc spacing tbat surrounds a formula is sligbtly dillcrent from
glue bccausa it disappcars whcn followcd by a line break, but it does not represeut a

l-egal breakpoint. (i complete descriptioo oi TPX't algorithm will appear elsewhere.ls)
Experience has shown that the gcneral algorithm is quite efficient iu practice, in spite

of all the things it, must cope with.
So many parameters are preseut, it is impossible for anyone actually to experiment

with a targe fraction of tbe possibilities. A user can varJr the interword spacing and the
penalties for inserted hypbens, explicit, byphens, adjacent flagged lines, aud adjacent
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Figurc 19. Thc odiuslmcnl roliot tor inlctvord lPoccl
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of act,ive nodes examined whcn each legal breakpoint was Processcd, sumned oYer all
legal breakpoints. Note that this amounts to about 160 active node examinatious per

paragraph, and 3.2 per breakpoint, so the inucr loop deûnitely dominates tbe running
time. If we assume that words are about ûve lettcrs loug, so that a legal break occurs

for every six characters of input, text includiug the spaees between words, tbe algorithm
cost,s about half of an inner-loop step per character of inPut, plus the time to Pa§s over

that, charactcr in tbe outcrmost loop.

This source data was also used to establisb the importance of the dominauce test 'lf
D" 1 D * l'precediDg the creation of a uew node; withouü that test, the algorithm
was found to need about 25Vo more executious of the inner loop, because so EauJf

unneccs§ary nodes were created.

Ând how about the output? Figure 19 sbows the actual distribution of adjustment
ratios r in the 15,531 typeset lines o[ Seminumerical Algorilàmr, oot countiDg tbe
5526 lincs at the ends of paragraphs, for rvbich r æ O. Thcre wa§ also one liDe with
f æLsandonewith rnv2.2(i.e.,adisgraceful sPaciDgof 12.6uDits); PerhaPs§olne
readcr rvill be ablc to spoù one or both of tbese anoroalies some day. The average Yelue

of r over all 21,057 lines was 0.08, and the standard deviation was only 0.403; about
6796 of the lines had word spaccs varying betwcen 5 and ? units. Furthermore the
author believes that virtually none ol the 15,531 line breaks are 'Psychologically bad'
in the sense mentioned above.

Anyone wbo has experience with typical Euglish text knows that these statistics are

not only excellent, they are in fact too good to be true; uo line-breaking algorithm can

achieve such stellar bebavior without occasioDal assists from the author, who notices

that a slight change in wording will permit nicer brcaks. Indeed, this is aDotber source

of improved quality when an author is giveu composition tools like T[f, to work with,
because a profcssional compositor docs not dare Iness around with the given wording
when setting a paragraph, while aû author is happy to make changes tbat look better,
especially wheu such changes are negligible by comparison with cbanges that are fouud
to be necessary for other reasons wheu a draft, is beiug proofread. An authqr knows
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Figurc 20. the diilribution ol intcrvord ryocct tound by lhc bul linc'a!'o'limc mclhod,

comporcd lo thc üilribulion lound by thc bctl PoftÿaPh-at.o.limc mclhod, uhcn ditficull
molhemalical cop! is lgpcscl uilhout humon inluucnlion.

who t,herefore will edit a manuscript until it can be typesct satisfactorily, would have

to do a significant amount of extrâ work in order ùo get the beshût xaethod to produce

decent results with such difficult copy, but the output of the oPtimum-ût metbod could
be made suitable with only a few author's alterations.

A HISTORICAL SUMMARY

We have Dow discussed most of the issues that arise iD line breaking, eud it is interesting
to compare the newfangled approaches to what printers have actually been doing
through the years. Medieval scribes, v/bo preparcd beautiful manuscripts by hand
before t,he days of printing, were gencrally careful to break lines so that the right-
hand margins would be nearly straight, and this practice was continued by the early
printcrs. Indeed, printers had to ûll up each line of type with spaces anywaJr, 3o that
the individual lcttcrs wouldn't fall out of position while making imPres§ions, and it
wasn't too much more dimcult for a compositor to distribute the spaces betwcen words
instead of putting thcm at the ends of lines.

One of the most difficult challenges faced by printers over the years has been tbe
typesetting of 'polyglot Bibles'-cditions of the Bible in which the original lauguages

are set side by side with various translations-siDce special care is needed to keep

t,ho vcrsions of various languages syuchronized with aach other. Furthermore the fact
that several languagcs appcar on each pege tneans that tbe texts tend to be set with
Darrower columns than usual; this, togcthcr with the fact that, one dare noü alter the
sacred words, makes the line-brcaking problem especially ditlicult. We can get a good

idca of the early printers' approaches to line breaking by examiuing their polyglot
Bibles carefully.

The ûrst polyglot Bible16,l7,l8 was produced in Spain by the eminent Cardinal
Jiménez de Cisueros, wbo reportcdly spctrt 50,000 gold ducats to support the project.
It is generally called tbe Complulension Potygtot, because it was prepared in Alcalâ
de flenaros, a city near Madrid whose old Roman Dame was Complutus. The Printer,
Ârnao Güilten de Brocar, devotad the years 1514-1517 to the production of thie six'
volume set, and it is said tbat, tho llebrew and Greek fonts be Eado for the occesion

are among the ûnest ever cut. His approach to justiûcation was quite inüeresting and
unusual, as shown iu Figure 21: Instead of justifying tbe lines by increasing the word
Bpaces, he inserted visible leaders to obtaiu solid blocks of copy with straight margins.
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qui ârbcribus Dlinrls
ili,fcccrunc fui nrrii
tirnl,i{ acc3prrunüin
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which comes from the uotes on Psalm 6, shows two very tight lines enclosiug a verJr
loose one in the passage 'scriptum est .. . quod qui'. If Giustiuiani bad been extremely
concerncd about spacing he would bave used the hyphenation'cog-nosces'; the other
potential solut,ion, to move'ad'up a linc, $rould not have workcd since there isn't quite
room for 'ad' on the loose line. Notice that another aid to line breaking in Latin at,

that time was to replace an r,? or n by a tilde ou the previous vowel (e.g., 'premiü'
for prcmium and 'müdo' for mundo); an extension to the box/glue/penalty algebra
would be ncedcd to iuclude such options in Tfif,'s line-breaking algorithm! It, is not
clear why Giustiniani didn't set 'acccpcrüt'on the l,hird line, to save space, since he
had no room for the hyphen of in-tellectum'; perhaps he didn'l have enough ü's left
in his type case.

Figure 23 shows some justiûed tcxt from the Complutensian polyglot, taken from
the Latin translation of an early Aramaic translatiou of the original Hebrcw. The
compositor was somewhat miraculously able to maintain tbis uniformly tight spacing
throughout the antira yolumo, by making usc of abbrcviations and frcquent byphena-
tions. Note that, as in Figure 22, the hyphcn was omitted from a broken word wheD
there was no room for it; e.9., 'diuisi['has been dividcd withouù a hyphen.
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Figurc 23. Eaily prinling ol Lalin leilc lcalurcd
unilornly liglü tpocing, oblained by trcqtcnt utc
ol obbrcviatiow and uord üünon Thit eamplc
comct trom lhc .amc pagc o, Figurc 21.
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Figurc 22 Porl ol Giuslinioni's commcnlary on lhc Ptalw. Thc
prctencc of a lootc line rurroundcd by tvo acry lighl lince indicotct
thol thc compotitor üd nol go bocb lo ruct prcdous linu ohcn o
problem orotc.
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considered better to have the margins straight and to keep the spaciug tight, rather
than to avoid word splits.

One of the first things that strikes a modern eye when looking at these old Bibles
is the treatment of punctuation. Note, for example, that no space appears after ühe
coulmas in Figure 22, aud a space appcars belore as well ag after one of tbe commas
in Figure 24. One can liud all four possibilities of 'space before/no rpace before'
and 'space after lDo space after' in each of the Bibles mentioued so far, with respecü
to commas, periods, colons, semicolons, and question marks, and witb no apparent
preference between the four choices except that it $,as comparatively rare to put a
spacc before a period. Giustiniani and Plantin occasionally would insert spaces before
periods, but Roycroft apparently never did. Commas begau to be treated like periods
in this respect about 1700, but colons and semicolons wcre gcncrally both preceded and
followed by spaces until the l9th century. Such extra spaces were helpful in justifying,
of course, and it was also helpful to have the option of leaving out all of the space next
to a puuctuatiou mark. Roycroft rvould in fact eliminate tbe space between words
when Dccessary, if t,he following lvord was capitalized (e.g., 'dixitDeus'); apparently a
printcr's main goal rvas to kcep the text unambiguoutly decipherable, while ease of
rcadability was only of secondary importance.

Knorvledge about how to carry out the rvork of a tradc like printing was originally
passed from masters to apprentices and not, explained to the general public, so we can
only guess aü what the early printers did by looking at, their linisbed products. A treud
to put trade secrets into print rvas devcloping duriug the 17th century, however2s,
and a book about how to make books was ûnally rvritten: Joseph Moxon's Mechanick
Ezerciaesza, published in 1683, rvas by forty years the earliest manual of printing in
any language. Although Moxon did not discuss rules for hypheoation aud punctuation,
be gave interesting information about line breaking and just,iûcation.

'lf the Compositer is not ûrmly resolv'd to keep himself strictly to the Rules of
good Workmanship, he is norv tempted to make Botchu. . . ', Darnely bad line breaks,
according to Moxon. The normal 'thick space'bctweeu words, when beginning to make
up a line, rvas onc-fourth of what Moxon called the body size (oue em), and he also spoke
of 'thin spaces' that were one-scventh of tbe body size; thus, a printer who followed
this practicc would deal mostly with spaces of 4.5 units and 2.57 units, although these
mcasurcmcnts were only approximate because of thc primitive tools used at the time.
Moxon's procedure for justiiying a line rvhosc natural width was too Barrow was to
inscrt t,hin spaccs bctwecn one or more words to 'fill up tbe Measure pretty sti[,' and if
neccssary to go back through tbe line and do tbis agaiu. 'St,rictly, good Workmanship
will not allow more [than the original space plus trvo thin spaces]. unless l,he Measure
be so short, that by reasou of few Words it a Line, necessiüy coinpclls bim to put more
Spocet bctrvccn the the Worù. ... These wide ÿÿhiter are by Compo$ter,r (in way of
Scaudal) call'd Pidgeon-holee. ... Aud as Ltnet r.ay be too much Spaced-out, 80 rnaJr
t,hcy be too close Set,.'

Notice thaü lvloxon's justiûcation procedure would normally leave uneven Epacing
between words on t,he same line, since he inserts tbe thin spaces one by one. In fact,
such discrepancies were the norm in early printed books, which look somethiug like
present-day attempts at, justification on a typervriter or computer terminal witb ûxed-
widtb spacing. For example, tbe relative proportions in the spaces of the third line of
Plantin's text in Figure 24 are approximately 8 : 12 : 5 : 9 : 4, and in tbe {ifth line
of Giustiniani's Figure 22 they are approximately 3 :2 : l. Moxon's book itself (see
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thcy rnay bc all oxactly tlio samo lcngth, ii rçill rirno:t
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ffi:l,[:i:ïïi:]fil.à: 
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and Linotype made the task easier towards the eud of the ninetecuth century; and these

new machines, with their emphasis on speed, changed the philosophy of justiûcation

so much that the quality of line breaking decreased wheu the spacing became uniforEo:

It became too inconvenient for the compositor to go back and rcconsider any of the

earlier line breaks of a paragraph, when he was exPccted to turn out so tnany Inore

ems of typc per hour.
The line breaks iu Figuro 26 arc fairly well done in spite of the unevea sPaciDg, given

that the compositor \,ÿi;hed to avoid byphenations and the psychologically bad break

in the phrasc 'rvith j'; it would have been slightly better, however, to move tbe word

'but' down to the third-lasü line.
Probably the most beautiful spacing ever acbieved in any typesct book appeared in

The Art o! Spacing26 by Samuel A. Bartels (1926). This book was hand set by the

author, and it contains about 50 charactcs per line. There are Do loose lines, aud

no hyphenated rvords; the final line of each paragraph always ûlls at lea§L 65Vo of the

column width, yet ends at lcast o1c cm from the right margin. Bartels must have

chauged his original wording many timcs in order to make tbis bappen; the author as

compositor is clearly able to enhance thc appearancc ol a book'

Gencral-purposc computers were ûrst, applied to typesetling by Georges P' Bafour,

André R. Blanchard, and François H. Raymond in France, wbo applied for patents

on their invention in 1954. (They received Frcnch and British Patents in 1955, and a

U.S. patcnt in 1956.2?,28) Tbis system gave sPccial attention to hyphenation, and its

authors were probably tbe first to lormulate the method of breaking one line at a time

in a systcmatic fashiàn. Figure 27 sbows a spccimen of tbcir outPut, as deBonstrated
at the Imprimerie Nationale in 1958. In this example the word 'en'was not included in

the second line because their scheme tendcd to favor somcwhat loose lines: Eacb line

would contain as few characters as possiblc subject to the conditiou that tbe line was

feasiblc but the addition of the ncxt K characters would not be feasible; here K was a

constanl,, and thcir method was bascd on a K'stage lookahead.

Michael P. Barnett began to experiment with computer typesetting at M.I.T. in 1961,

and the work of his gràup at the Cooperative Computing Laboratory was destined

to become quite influential in tbe U.S-r\. For example, the TnOff systemz9 that
is now in use at many computer centers is a desceudant of Barnett's PC6 systeml,

via other systems called RUNoFF and Nnorr. Another line of descent is represented

by the PA6E-1, P^GE-z, and pACg-3 systcms, which have bcen used extensively in
the typesetting industry.3o,3t,s2 All of these programs use the ûrst'lit metbod of line

brcaking that is dcscribcd above.

At about the same time that Barnett bcgan bis M.l.T. studies of computer typeset-

ting, anothcr important university research project witb similar goals was started by

John Duucan at the Computing Laboratory ol the University of Newcastle-Upon'Tyue.
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needed to typeset a given paragrapb. Thus, his model was rather similar to the T[f,
model that we have been discussing, except that all spaces were equivalent to each

other and special problems like hyphenation were not treated.
Cooper said that his program'employs a mathematical technique known as 'dynamic

programming"'to select the optimum settiug. However, he gave no details, and from
the stated computcr memory requirements it appears that his algorithm wa8 only an

approximation to true dynamic programming in that it would retain just one optimum
sum-of-penalties for each breakpoint, not for each (breakpoint, sector) pair. Thus, bis

algorithm was probably similar to the method given iu thc appendix below.

Unfortunately, Cooper's method was ahead of its time; the consensus in 1966 was

that such additional computer time and memory space were prohibitively expensive.

Furthermore his method was cvaluated ouly on the basis of how manJr hyphens it would
save, not on the better spaciug iü provided on nou-hyphenated lines. For example, J. L.
Dolby's notes on this papersa compared Cooper's procedure unfavorably to Duncan's,
since the Newcastle method removed the same number of hyphens with what appeared

to be a less complcx program. In fact, Coopcr himself undersold his scheme with
unusual modesty aud caution wheu he spoke about it: He said 'this iuvestigation does

not support the view that [my approachJ should be given a general and entbusiastic
recommendation. ... It has to bc admitted that an aesthetic improvement is ueither
predictable Dor measurable.' His method wâs Eoon forgotten.

In retrospcct we can see that the defect in Cooper's oüherwise admirable approach
was the way it dealt with hyphenation: No proper tradeoll between byphenated lines

and feasible unhypheuated lincs tvas made, and the method would be restarted afüer

every byphen had to be inserted. Tbus, the hyphens tended to cluster as in the
Newcastle expcriments.

Another approach to line breaking bas recently been invastigated-,by A.M. Pringle
of Cambridgc University, who devised a proccdure called Juggle.ss This algorithm
uses the best-fit method without hyphenation until reaching a line that cannot be

accommodated; theu it calls a recursive procedure pushback that attempts to moYe

a word from the ollending line up into the previous text. 11 pushback fails to solve

the problem, another recursive routine pullon tries to move a word forward from the
previous text; byphenation is attcmpted only iî pullon fails too. Thus, Juggle attempts
to simulate the performance of a methodical super-conscientious workman iu the good

olde days of hand composition. The recursive backtracking can, however, consulne a

lot of timc by comparison with a dynamic programmiug approach, and an optimum
sequencc of line breaks is noü generally achieved; for example, Figure 2 would be

obtained instcad of Figure 3. Furthermore there are unusual cases in which feasible
solutions exist but Juggte will not lind them; for example, it may be feasible to push

back two words but not one.

Hanan Samet has suggested another Beâsure of optimaliüy in bis recent work on line
breaking.36 Since all metbods for setting a paragraph in a given number of lines involve
the same total amouut of blank space, he points out that the average interword space in
a paragraph is esscntially indcpendcnt of the breakpoints (if we ignore tbe fact that the
final line is dillereut). Therefore he suggests that the ucriance of the interword §Paces

should be minimized, and he proposes a'downhill'algoritbm thet shifts words beüween

lines until no such local transformation further reduces the variance.

The Srst magaziue publisber to develop computer aids to typesetting was Time Inc. of
New York City, wbose line-breaking decisions went largely oa-line iu 1967. According
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Figurc 28. Thit czample it batcd on lhc epadng in o rcccnl itrue ol Timc mogazinc, but
all ol lhc lellcre hovc bccn rcplaccd by n\ ol uotiout ttidllu. lt thc lctl ttctc ?cadoblc, lhc
linc brcab in Ycrcion B sould bc lctt diilrocling lhorr. lhorc inVcnion L

uDsuccessful experimcnts with dynamic programmiDg, otherwise he migbt have rejected
the whole idea subcousciously before pursuing it at all.

During the summar of 1977, M. F. Plass introduced the idea of feasible breakpointa
into Knuth's original algoriùhm in order to limit the number of active possibilities aud
still find the optimum solution, unless the optimum was intolerably bad auywey. This
algorithm wàs implcmented in the first complete yersioD of TbX (March 1978), and
it appeared to work well. The unexpccted power of the box/glue/penalty primitives
gradually became clear during tbe next two years of experience with T[f,, and when
somewhat wild uses of negative parameters were discovered (as in the PASCAL and
Moth Reuiews exanples discussed above), it was DecessarJr ùo ferret out subtle bugs in
the origiual implemeutation.

B
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sequence of liues and distract the reader's eye, cannot be eliminated by a simple efficieut
technique like dynamic programming. Fortunatoly, however, the problem almost Deyer
arises when the optimum-ût algorithm is used, because ùhe computer is generally able
to find a way to set the lincs wiüh suitably tight spacing. Rivers begin to be prevaleut,
only wben the tolerance threshold p has been set high for some reeson, for example in
Figure 7 whcre an uuusually narrow column is being justifled, or iu Figure l8(d) where
t,he paragraph is two lincs longer thau optimum. Anotber case that sometimes leads to
rivcrs arises when the text of a paragraph falls into a strictly mechanical pattern, as
when a newspaper lists all of the guests at a large dinner party. Extensive experience
with T[f, has shown, however, that manual removal of rivers is almost never necessarJr
after the optimum-fit algorithm bas been used.

The box/gluc/penalty model applies in the vertical dimension as well as in the
horizontal, so TIX is able to make fairly intelligeut decisions about where to start
each new page. The tricks we have discussed for such tbings as ragged-righü setting
correspond to analogous vertical tricks for such things as 'ragged-bottom' settiug.
Howcver, the currcnt implementation of T[f, keeps each page in memory until it has
been output, so T[f, caunot store an entire documeut and lind strictly optimum page
breaks using the algorithm rvc have prescntcd for line breaks. The'besh8t,' method is
tbereforc used to output one page at a time.

Expcriments are now in progress with a twopass version of TbX that does flnd
globally optimum page breaks. This cxperimental system will also help with the
positioning of illustrations as near as possible to where they are referred to, and it will
address the dillicult layout problcms posed by extcnsive footnotes in certain scholarly
works. Many of these issues can be resolved by cxtending the dynamic programming
technique and the box/glue/peualty model of this paper, but some closely related
problems can be shown to be NP complete.{2

APPENDD(: Â STRIPPED.DOWN ALGORITHM

Mauy applications of lino breaking (e.g., in word proccssors) do not necd all of tbe
machinery of the general optimizing algoriühm described in the text above, end it
is possiblo to simplify the gcncral procedure considcrably while aü the same time
decreasing its space and t,ime requirements, provided that we are willing to simplity tbe
problcm spcci[ications aud to tolcrate lcss than optimal pcrformance when hyphenatiou
is neccssary. The 'suboptimum-ût'program bclow is good euough to discover the line
breaks of Figure 3 or Figure 4(c), but it will uot haudle some of the more complicated
examples. More precisely, the strippcd-dorvn program assumes that

a) Instead of the gcneral box/glue/penalty model, the iuput is specited by a sequeuce
ü1 . .. ur,. of nonnegative box rvidths reprcsenting the words of the paragraph and
the attached punctuation, togethcr with a sequence of amall integers g1 ... g,n that
spcci{ics thc type of opace to be used botwcen word§. For example, we migbt
have g1 : I when â normal interrvord space follows the box of width url, while
g* : 2 whcn there is to be no space since box È ends with an explicit hyphen,
and gp : 3 when box È is the cnd of the paragraph. Other type codes might be
used af[er punctuation. Each type g corresponds to three nounegative numbers
(zs,!o,zr) representing respcctively the uormal spacing, the rtretchability, and the
shrinkability of the correspoudiug type of space. For example, if types 1, 2, and 3
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The suboptimum-ût algorithm manipulates two arraye:

8O8t...tn*tr

where a; denotes the minimum sum ol demerits leading to a break after box &, or
6r : oo if there is uo feasible way to break tbere; aud

Pt . ..Pn*tt

where p1 is meaningful only if s; ( oo, in which case the best case to end a liue at
box /c is to begin it with box p;* 1. We also assume tbat

irn+t :0i

this represents an invisible box at thc very cnd o[ the flnal liue of tbe paragraph.
Besidcs the 4n f 4 storage locations for u1 ...un*l , gt.,,gn, Bo...Enf l, eDd

Pt..,P,.*tt and the memory rcquired to hold tbe parametcrs l, p, and (z1,is,y'r) lot
each type g, the stripped-down algorithm needs only a few miscellaDeous variables:

a : the beginning of the paragraph (normally 0, changed after hyphenation);
,t : the current breakpoint being considered;
j: the breakpoint being cousidered as a predecessor of È;

f : the leftmost breakpoint that could fcasibly precede È;

na : the number of active brcakpoints (i.e., subscripts j ) i wit,h a; ( æ);
X: the normal width of a liue from d to È;

X."r : the maximum feasible width of a liuc from d to l;
Sain : the minimum feasible width of a linc from d to t;

D' -- the normal width of a line from j to È;

XL", : the maximum feasible width of a line from j to È;

XLir, : ùhe minimum fcasible width of a linc from j to È;

r : adjustment ratio from j to t;
d : total demcrits from c to ... to i fo k;

d : minimum ùotal demcrits known from a to ... to ,t;
j' - predecessor of & that leads to d total demerits, if d ( æ.

All of thcse variables are integers, exccpt r, which will be a fraction in tbe rauge

-l < r 1 p. Tbe readcr may vcrify the validity of the algorithm by verifying tbat
these interpretations of t,he variables remain invariant in key places as the prograur
proceeds.

Here now is the program, viewed from the 'top down':

a::0;
loop: r :: o; 8d :: 0; È :: r * 1; .D :: Xs1' ;: Snio l: wÈi m:: l;

loop: while X.ir, ) I do (advance r' by I );
(examine all feasible lines endiug at t );
81 i: d;iî d ( oo thcn

begin tn:: m+ l; pt:: i,i
end;
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(try to hyphenate box rt, then output from o to this break) :
begin loop: 5 :: E * ui * ie i
X-r, :: X.", * uri * lflri E-io i: .8aia t roi * lrri i:: t'* 1;

if e; ( oo then erit loop;
repeat;

outpul(o,i);
( split box lt at the best place );
(output the line up to the best, split and adjust ur for continuing);
end.

Let us suppose that there are lrl waya to split box t into two pieces, where the widths
of these pieces in the ith sucb split are ur'.; and u[i, respectively; here ur',r, includes
the width of an inserted hyphen. An auxiliaiy hyphenation algoritbm is supposed to be
able to compute àp and these piece widths on demand; this algoritbm is invoked only
when we reach the routine 'split box Ic at the best place'. If no hypbenation is desired
one can simply let À1 : 0, and the program below becomes much simpler. There are
àr * I alternatives to be considercd, iucluding the alteruative of not splitting at all,
aud the choice can be made as follows:

( split box ,t at, the best place ) :
bcgin ( invoke hyphenation algoritbm to compute lrr and the piece widthe );
it ,:0; d' :: æ;
lot j ::1 to lrr do lf f,oio * w'r; - tur S I theu

bogln D' :: D * w'u - uri
iî D, S I rhen d:: ioooop.(t- t,)/(loo(tlû.' - 5) + 1)

elso d :: 10000 .(E' - l)/(100(, - 8,i,) * l);
ild < d then

begin d :: di î :: i;
cnd;

cnd;
end.

The linal operation, 'output the line up to the bcst split aud adjust u; for coutinuing',
will only be sketched here aince it is much easier to state it informally than to introduce
st,ill more notation. lî i' * 0, so that hyphenatiou ir to be performed, tbe progran
outputs a line from box d * I to box t inclusive, but witb box .t replaced by tbe
hyphcnated piece of width ur'rr; then u; is replaced by the widtb of the other fragmeut,
namcly wt!,r. ln the other caic when i' : O,the program simply outputs a line from
box d* 1 to box & - I inclusive.

One more loose end needs to bo tightened up: The procedure'oulpul(a,d)'aimply
goes through the p table determiuing the best line breaks from a ùo d and typesets
the corresponding lines. One way to do this without requiriug extra EeIDorJr space
is to reverse the relevant, ptable entries so that they point to successorg instead of
predccessors:

proccdure output(integer a,d) :
begin lnteger e,rt 8i q :: i; s :: 0;

whilc qlado
bcgin r :: pqi pc i: sf 8 i: qi q 2-- ri
end;
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